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Abstract. We study the wave equation for the gravitational fluctuations in the Randall-Sundrum 
brane cosmology model. We solve the global Cauchy problem and we establish that the solutions are 
, the sum of a slowly decaying massless wave localized near the brane, and a superposition of massive 

• dispersive waves. We compute the kernel of the truncated resolvent. We prove some — L°° , 

' — L°° decay estimates and global Strichartz type inequalities. We develop the complete 

, scattering theory : existence and asymptotic completness of the wave operators, computation of 

^ • the scattering matrix, determination of the resonances on the logarithmic Riemann surface. 

(D 

CN ' I. Introduction 

The fundamental question in mathematical cosmology is the stability of the models of the uni- 
Q_il verse. It consists in solving the global Cauchy problem for the Einstein equations. This is an 
extremely hard task because of the deep nonlinearity of these equations. We recall the impressive 
work by D. Christodoulou and S. Klainerman 111] on the global nonlinear stability of the Minkowski 
space-time which, however, is the simplest model. In this paper, our aim is much more modest. 
^ G ^ . We adress the question of the linear stability of a famous model of the brane cosmology, i.e. we 
' investigate the global properties of the gravitational fluctuations that are the solutions of a linear 
' hyperbolic equation with a singular potential. We consider the so-called RS2 brane world, proposed 
,. by L. Randall and R. Sundrum in [30j, in which our observable universe is a 4-D Minkowski brane 
I embedded in a 5-D Anti-de Sitter space bulk. This model plays a considerable role in cosmology : 
T-H ■ it is a phenomenological realization of M theory ideas ; it also provides a framework for exploring 
! the holographical principle and the AdS/CFT correspondence. The seminal papers by L. Randall 
CN and R. Sundrum [29] and [3^ have generated a huge litterature. Among important publications, 
we can cite the following reviews, [9], [19], [21], and the book by P.D. Mannheim [22] . 
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' The RS2 brane world, introduced by L. Randall and R. Sundrum in [30j is described by the 

• ^ . 5-dimensional lorentzian manifold endowed with a warped metric : 

^ ■ 7W = Mr X M| X Mj,, ds^ = e'^'^^y^ {dT^ - dX.^) - dy^. 



The warp coefficient /c is a strictly positive real number. This metric is not smooth at y = and 
we have to distinguish two submanifolds : the positive tension Minkowski brane that corresponds 
to our flat world 

M = Mt X X {y = 0}, dsla = dT"^ - dX^, 

and the bulk B, associated with the extra transverse and non compact dimension y, in which the 
brane is imbedded : 

B = B+ U B", B=^ = Mt X M| X {±y > 0}, (is|± = e^'^''^ [dT'^ - dX^) - dy^. 

B+ and B^, that are isometric, are parts of the Anti-De Ditter universe AdS, with constant 
negative curvature —k"^. To see that, we introduce new coordinates 

IjO ^ l^-ky L2ky + 1 + I X |2 -T'^\ ^ U' = ie-'=J'X\ 1 < i < 3, 

2 V K Ik 
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C/4 = ig-fcy ( ^2ky _ 1 + I X |2 _tA , = ^e-^^ 

2 \ / k 

and we check that B"*" is included in the region > If^ of AdS which is defined as the quadric 

1=1 

embedded in the 6 dimensional fiat space with the metric 

ds^ = [dU'^f + [dU^'f -j^idU' f . 

i=l 

To understand the causal structure of this universe, we can also construct M by gluing together 
the time-like boundary of two copies of a piece B"*" of AdS, of which the boundary is isometric to 
the Minkowski manifold. This construction is depicted in Figure 1 by a Penrose diagram where 
the radial null geodesies travel at ±45° angles. The dotted line is the time-like infinity, the dashed 
lines have to be identified. We see that unlike the whole Anti-De Sitter space time, M is globally 
hyperbolic and there is no problem of causality (see [2] for a discussion on a global Cauchy problem 
in AdS). 




Figure 1. Conformal diagram of M. 



We are interested in the gravitational fiuctuations around this background. Using the linearized 
Einstein equations, Randall and Sundrum established that these gravity waves obey to the master 
equation : 



(I.l) 



y 



4Mo(y) +4A;^ 



^' = 0, 



where the Dirac distribution denotes the simple layer on the brane. Our work is devoted to a 
complete analysis of this equation. The main assertions that are stated heuristically in the papers 
by the physicists (see e.g. [22], [23], [30], [M]) are the following : (i) the general solution ^ of the 
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master equation can be expressed as 

(1.2) ^(T, X, y) = ^m{T, X, y) + ^^{T, X, y), 

where vI/m is the massless graviton that has the form 

^M(r,X,y) = e-2'=l2'IV'o(T,X), ^^o - Ax^o = 0, 

and \If'B is the Kaluza-Klein tower that is a superposition of free massive Klein-Gordon fields 
propagating along the brane : 

^'B(T,X,y) = / /±(y)V'^(T,X)dm, /^(-y) = ±f^{y), c?! ^± - AxV^ + m^^ = 0; 
_i_ Jo 

(ii) while the massless graviton remains localized near the brane, the energy of the Kaluza-Klein 
tower decays in the neighborhood of the brane as T tends to the infinity. 

In this paper we establish these results in a rigorous way, and we develop the complete scattering 
theory for the master equation. In section 2, we construct the suitable functional framework, and 
we prove that the hamiltonian is a well defined self-adjoint operator. In section 3, we perform its 
spectral analysis and the proof of the representation p.2p . We also compute explicitely the kernel 
of the truncated resolvent, and we show the existence of its analytic continuation on the universal 
covering C* of C*, outside a lattice of half hyperbolas. In the next section, we prove that the Kaluza- 
Klein tower decays as t~ 2 by establishing some —L°° and L'^ — L°° estimates in suitable weighted 
spaces. Moreover we get a Strichartz type estimate near the brane in L°° {[-R, R]y] L'^ {Rt x M|)), 

and for the Kaluza-Klein tower in L~ (Rj- x M^^ x [—R, R]y) . Section 5 is devoted to the scattering 
theory : we prove the existence and asymptotic completeness of the wave operators describing the 
scattering of the Kaluza-Klein tower by the brane. In the last part, we calculate the scattering 
matrix, and we determine the set of resonances : it is a lattice of radial half straight lines on C*, 
of which the origins are the z-zeros of the Hankel functions Hi''\z), v^j = 1,2. All our results of 
asymptotic behaviours, suggest that this brane cosmology model is linearly stable. The non-linear 
stability of the Minkowski brane is a huge open problem. 

II. The Cauchy problem. 
It is convenient to use the Poincare coordinates (t, x, z) with 

t = kT, x = kX, z = -^ f e^l^l - 1) , 

\y\^ ' 

for which the Randall-Sundrum Universe is described by the conformally flat manifold 

„ 1 / 1 \2 

= Mt X X M^, ds 



A;2 

We change the unknown field by puting 

$(t,x,z) =etlJ^lM'(r,X,y). 

Since the simple layer is a homogeneous distribution of degree —1 and (5o(y) = ^'^o(-2), we see 
that ^ is solution of p.ip iff <I> is solution of : 

(II.l) {^t,^,z + Y (iTT^) " ^'^°^^^) ^ " °' X' ^) e K X r3 X R. 

Therefore Equation p.ip is equivalent to the D'Alembertian on the five-dimensional Minkowski 
space-time, Dt^x.^ := dl ~ Ax — perturbed by a singular potential, ^ (1x0) ~ 3(5o(2;), the 
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so-called volcano potential. In this section we investigate the Cauchy problem for the equation 
(jlLlI) . with the initial data 

(II. 2) $(0, X, z) = $o(X) -2); f^t^(0,x, z) = $i(x,z), (x,z) G X M. 

We introduce the differential operator 

,2 . 15 / 1 ^ ' 



(11.3) p^d):=_A^_d^^ + _i^__j -36oiz), 

considered as a densely defined operator Hq on L^(M^), endowed with the domain : 

(11.4) S)(Ho) := {u G (M^ x E^) ; P{d)u e (M^ x M^) } , 

which makes sense since H^iW^) C ^R2;ff2(M^)^ and so n(x, 0)5o(-z) is a well defined distribu- 
tion in i?-i(M4). 

To analyse this operator and to be able to construct the suitable functional framework, we 
recall some definitions of spaces of distributions. Given an Hilbert space X, the Beppo Levi 
space BL^{W^; X) is defined as the completion of the space of the X-valued test functions on M", 
C^(M";X), for the Dirichlet norm || Vv \\l'2(m."-x) (s^e P^). On the other hand, we introduce the 
weighted Sobolev space VFg^(M;X) that is the subspace of P'(]R;X) satisfying : 

/oo 1^ / 1 \ ^ 

^ I f'iz) +- [ytiv]) ' ^^"^ < ^■ 

We have W^{R;X) C C°(IR;X), and thanks to the Hardy inequality, 

/>oo 1 ''^ 

(II.6) yfeL\R,;X), / ^ 



z2 







dz<4 I /(z) dz. 



X 

there exists C > such that 

(II.7) V/ G t^o'(IK;^), /(O) = ^11 / ||iyl(M;X)< C II /' \\lHR;X) ■ 

Lemma II. 1. The operator (Ho,S)(Ho)) is a positive self-adjoint operator on ^^(IR^) and is not 

1 

an eigenvalue. The domain o/Hq is H^{M.'^) and for any u G H^{W^) the three following quantities 
are equal to \\ HqM ||^2(]g4) 

II ^xW- IIl2(M3xR^) + II + 2 [T| (1+ 1^1) ^ lli2(M3xR^)' 

II llL2(R^;BLl(ffiJ)) + II llw'ol(Kz;i2(IR3)) -3 II ■U(X,0) 11^2(1^3), 
(11-10) II ^ lli2(R,;BLi(l;3)) + II M-U(x,0)(l+ | Z |)"2 11^^1(1^^.^2(113)) • 

Moreover for any m > 0, we have the elliptic estimate : 

2 2 \ 1 

(11.11) min ( " II^^HR^)-" +"^^ II Hi^ 



Proof of Lemma lTLl\ We know that when u G (M.l.x]0,oo[z) satisfies Ax,zn G (M^x]0, oo[2) , 

where Ax,2 is the euclidean Laplace operator on ^ then G ^[0, c)o[2; (M^)^ (see 
[2D], Theorem 7.3, p. 201). We deduce that u G 2)(Ho) iff u G (R^ x M^) and 
(11.12) Ax,.n|MxM* G (Rl X 



^2 / ' 
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(11.13) 9^n(x,0+) -a^n(x,0-) +3u(x,0) =0. 

Now for G S)(Ho), using the jumps formula and (jll.isp . we get by the Green formula : 

(Hon,u)^2 = Q{u,v), 
where we have introduced the quadratic form Q on //^(M^) given by 



(11.14) Qiu,v):-- 



Vx^VxW + dzudzV H — - 



1+ z 



uvdxdz — 3 / n(x, 0)?7(x, 0)(ix, 



and we see that Hq is symmetric. To pursue the proof, it is useful to present some results on the 
quadratic forms. 

Given a Hilbert space X, we consider the quadratic form 

(11.15) / G W^{R; X), q{f, f) ■-= j ^ I /'(^) W +y ' ^^"^ \ldz-3 \ /(O) 

We immediately check with an integration by part that : 



|2 

\x 



(11.16) g(/,/) = 

We simply use the inequalities 

I n^) \x< 



2\z\ V 1+ U 



dz > 0. 



X 



3 z 



2 z V 1+ U 



X 



+ 2 \x, 



If'iz) \x\fiz) U<^|/'(z) 1^ +f |/(z) \jc 
for any a > 0, to get an elliptic estimate : given m > 0, we write 

£ I m \^x (l - ^) + I /(.) I^M + rn^) dz < /) + rn^ £ 



fiz) 



\x dz, 



and we choose a = to obtain : 

^ 3 + ' 

(|II.16P leads also to the following crucial result. If we introduce 

(11.18) /o(z):=(l+|z|)-i, 
then we have for any x £ X, f £ Wq{M.; X) : 

(11.19) g(/0X,/)=0, 

and thus in particular 



(11.17) 



mm 



r,^ / \f'{z)\l + \f{z)\j,dz<q{fj) + m' / 



f{z) \l dz. 



(11.20) 



/(/,/) 



f'{z) - f[^{z)m \j, + 



15 



1+ I z 



fiz) - Mz)f{0) dz. 



In the sequel we take X = L^(M^). Then the equivalence between (jll.Sp . (jlLOP and pi.iop follows 
from pi.l6P and pi.20p . hence Hq is positive and is not an eigenvalue. Moreover ()II.17p gives 
(11.21) 



mm 



2 2 

m m 



I / I Vx,zti(x, z) p + I u(x, z) p dxfiz < Q{u, u) + m? / | ti(x, z) p d-x.dz. 



^3 + m2' 4 

Now to prove the self-adjointness, we consider g E L^(M^), e = ±1, and we have to solve 
(11.22) iie2)(Ho), P{d)u + eiu = g. 
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This problem is equivalent to find u £ ©(Hg) such that 

(11.23) A{u,ip) := Q{u,ip) + ei / u{x, z)ip{x, z)dxdz = / g{x, z)ip(x, z)dxdz, G 
Since the sesquilinear form A is continuous on H^{W^), (jll.23[) is equivalent to 

(11.24) A{u,v) := Q{u,v) + ei / u{x, z)v{x, z)dxdz = / g{x, z)v{x, z)dxdz, \/v £ H 

Since ()II.2ip assures that A is coercive on i7^(R^), the Lax-Milgram theorem implies that there 
exists u G ffi(]R^) solution of (|lL24l) . Taking u an arbitrar test function in I'(M^ x R*) we deduce 
that 

15 / 1 \ 

-AxU - S^n + — — I j u + eiu = g in P'(M^ x M*). 
Thus (|II.12p is satisfied and an integration by parts in pi.24p gives 



9^u(x,0+)-92u(x,0") + 3n(x,0),t;(x,0)) i i =Q,'iveH^'^^ 



We conclude that u belongs to the domain of Hq, which is self-adjoint. 

Finally pi.2ip assures that the quadratic form Q on L^(M^) with its natural form domain S)(Q) = 
H^iM!^) is closed. The standard results of the spectral theory (see e.g. [27], section 2.7) states that 

the domain of H| is S)(Q) and (UlTTII follows from (IIL2T]) . 

Q.E.D. 

This result allows to easily solve the Cauchy problem (|TLT]) . (|TL21) . for $o e i^^(M^), $i G ^^(M^) 
by putting 

$(t) = cos (tal] «5o + Hq ^ sin ( tnl ) «>i. 



It is obvious that $ G C°(Mt; i7^(M'')) n C^Mt; ^^(M^)) and satisfies the conservation of the energy 

Q{m,m)+ II dtm iii2(R4)= Q($o,<^>o)+ II <^>l iii2(M4) . 

Since this conserved quantity is positive, it is natural to consider the Cauchy problem in the 
larger functional space, associated with this energy. pi.Sp shows that ^J Q{u, u) is a norm on 
i?^(M^), therefore we introduce the Hilbert space 2n^(M'^) that is the closure of iJi(M^) for the 
norm 

(11.25) II u \\lui-=\\ Vx-u lli2(iK3xR,) + II d,u + [jVU]) ■ 

2IJ"^(M^) is a space of distributions on M^, and 

L I I V ~'~ \ ^ \ / 

We make some warnings on this space : By the classical embedding of the Beppo Levi space : 



BL^ (ml) C ( z — ^-^dx 



we can see that the functions u G 2B^(M^) satisfy 

Vs. 

1+ X 



u, d^u G ( M^; ( M^, - — ■ -:^dx 



hence 



u G C° I M^; ( M^, Y^Y^dx 
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and thus ti(x, 0)(5o(z) is well defined in H^^{W^). But we have to be carefull by using expressions 
(llL9j) or (UTTOl) to evaluate Q{u,u) when u £ 2Ui(R^) \ i?i(M^), because there exists u £ 
such that 

1 

To see that, we take x £ such that || x IIl2 = || Vx \\l^= 1- For any n G N, we put Un(x, z) 

"'~2X(^)(1+ I z |)"2. We compute Q{un,Un) = 1, || 5^n„ ||22^j^4^= |n2, || j^Un ||^2( - 



a2ti^L2(E^), u^lMm^xM^, jdxdz], u(x, 0) ^ L^^™^^ 



We return to the Cauchy problem (fiLTIl . (flO) for $o G 211^1^'^) > ^ ^^(M^). On 2B^(M^) 
L^(M^) we introduce the operator 



z V -P(5) 

From the properties of Hq we deduce that Aq is a densely defined, symmetric operator on 2)3^ (M^) x 
L^{R'^) and H^(R^) x L^{R^) C Ran(Ao ± i) where Ran(/) denotes the range of any map /. 
Therefore Aq is essentially self-adjoint and its self-adjoint closure A generates a unitary group 
e'*^. Then 

m \ ^ jtA ( <fo 

dMt) ) 

is a solution of the Cauchy problem that satisfies 

(11.26) $ G H := G (Mt;2Ui(M4)) ^ dt^ £ {Rt, {R'^))} , 
and the conservation of the energy : 

(11.27) Vt G M, II m WwH^ + II lli2(K4) = || ^0 |lLi(R4) + II ^1 



We prove the uniqueness by the usual way. If <I> is a solution of pi.ip . pi.2p . (|II.26p . we take 
a test function 9 £ Co°(M), such that J 9{t)dt = 1 and for all integer n > 0, we put $„(*) = 
/ ^{s)e{n{t - s))ds. Since G (Mt; aU^M^)) , dt^n G C°° {Rf, L'^{R^)) we can multiply 
equation pi.ip by dt^n and an integration in (x, z) leads to the conservation 

G R, II <^n{t) ||^i(K4) + II dt'^nit) |li2(K4) = || $„(0) 11^1(^4) + || 5t$„(0) 



Since and tend to $ and at^> as n ^ oo, respectively in C° (M*; !2B^(M'^)) and C° (R*; ^^(M^)) , 
we conclude that pi.27p holds and $ = when $o = "^i = 0. 

We summarize our results : 

Theorem II.2. Given ^>o G 2U^(M^), $i G L'^{R^), there exists a unique solution $ of the Cauchy 
problem UI. UI.S\) . ^I.26\) . Moreover this solution satisfies (11.27). 

The solutions given by this theorem are called finite energy solutions. 
Remark II. 3. We could interpret this Cauchy problem for a wave equation with the singular 
potential ^ (^jr^j^^ — 3(5o(z), as two mixed problems with smooth coefficients on the half-space, 
and boundary condition on the brane z = 0. If we introduce 

(11.28) 2$±(t,x,z) := ^>(t,x,z) ± ^>(t,x,-z), 

<I> is solution of HI. 1\) iff ^± are solutions of the boundary problems in Rt x M^x]0, oo[2 : 

15 / 1 \ 

(11.29) □i,x,.$± + Y ( YTl) = (*>x,2) GMxM3x]0,oo[, 
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(11.30) 9,$+(t,x,0) + ^$+(t,x,0) = 0, 

(11.31) $_(t,x,0)=0. 

The homogeneous Dirichlet problem for is trivial, hut the Robin problem (with the "bad" sign) 
for $_|_, that is the part of the wave that is physically pertinent, needs a carefull analysis, similar to 
the previous one, of the quadratic form : 

[ r|Vx1>+(x,z)|2 + |a,cI>+(x,z)|2 + ^('— |ci>+(x,z)|2(izdx-| / |ci>+(x,0)|2(ix. 

This approach can be useful for the numerical experiments (e.g. |34j ). 

We now present some classes of solutions. First of all we note that the equation is invariant with 
respect to the transform z — > —z, therefore if ^ is solution, then and defined by (|II.28p are 
also solutions, respectively called z-even wave and z-odd wave. In particular we have $_(t,x, 0) = 0, 
hence <!>_ is a wave, equal to zero on the brane, that is solution of 

15 / 1 \ ^ 

(11.32) Ot^x,z'^- + — (^Y^q — I J ^- = 0, {t, X, z) G M X X M. 

This equation is a smooth perturbation of the D'Alembertian with a non-decreasing potential with 
cartesian anisotropy (see [33j). Thanks to (III.9|1 and the Hardy inequality (|II.6p . the 2IT^(M^)- 
norm is equivalent to the i?L^ (M^)-norm on the subspace of the z-odd functions, and Theorem III. 21 
assures that the Cauchy problem for (llL32|) is weh posed in BL^iW^) x L^{R'^). We shah see that 
its solutions are asymptotically free. 

Much more interesting is the even part of We can very simply perform a large family of 
waves that are confined in the vicinity of the brane. For any ipQ G BL^{M.^), ipi G L^(]Rx)) put 

$(t,x,z) = (^o(i,x)/o(z), 



with fo{z) := (1+ I z |)-i, and (po e {Ru B (Ml)) , dt(f)o G C°(]Rt; L2(]R|)) is solution of the 
wave equation on the Minkowski brane : 

dfcpo - Ax0o = 0, (Ao(0,x) = 9Jo(x), 9j0o(O,x) = ipi{x). 

We call massless graviton wave any solution of (jll.ip . 01. 2p with initial data 

$0 e BL^Ri) C/o(z), $1 G L\Ri) Cfoiz). 

Its energy is obviously localized near the brane on which it is propagating : for all a < 0, 6 > 0, 
there exists C{a, b) > such that 

Vt G M, II V^^t) ||i2(K3xM,) + II dtm ||i2(K3x[a,f,].)= C{a,b) (|| c^o WIlhr^) + II <Pi \\h 
In opposite, a Kaluza-Klein wave is a solution for which there exists a < 0, 6 > such that 
(11-33) lim II Vx$(t) ||L2(K3x[a,b],) + II dt^{t) ||l2{r3x 0. 

\t\ — >oo 

We shall see that in this case, 01. 33^ is true for any a, h and the Kaluza-Klein waves are asymptotic 
to a free wave of the Minkowski space time M^+''. The main results of the next part state that 
any finite energy solution, is the sum of a massless graviton and a Kaluza-Klein wave. Since the 
unitary group e**-^ leaves invariant i^BL} C/o) x (L^ C/o), we have to study its action on the 
orthogonal of this subspace. We introduce : 

(11.34) J^^(M^) := {BL^ (M^) C/o(2))^^' , i^O(M^) := (L^ (M^) ^ C/o(z))^^' . 
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/ G arr^M^) belongs to j^Hl^^) iff 

y^eC^iRi), <v9(x)/o(z),/>2Hi=0. 

Since we have 



< f{^)fo{z), f >W^= - < Ax / /(., z)fo{z)dz, (f >V'{Ri),V(Ri), 

J — oo 

and /(., z)fo{z)dz is an integral absolutely converging in BL^(R^), we conclude that 

/oo 
f{.,z)foiz)dz = 0. 
-oo 

It is obvious that the z-odd functions belongs to but we are mainly interested by the z-even 
functions that are associated with the Kaluza-Klein waves. 

Finally we can solve the inhomogeneous Cauchy problem describing the propagation of the 
gravitational perturbations due to a source S{t,x.), localized on the brane. 

Theorem II.4. Given $o e 2IT^(M^), ^-i G L^{R'^), S G C° (Rt;i?i(M^)) n [Rt] L'^ {^1)) such 
that {di - A^)S G C° (Mt;L2(M3)) fh^^e exists a unique solution ^ G of the Cauchy problem 

(11.36) [□f,x,^ + ^f , ] -35oiz)]^ = S{t,^)^6o{z), (t, x, z) G M x x M, 



4 V1+ \z 

(11.37) $(0, X, z) = $o(x, z), 9t$(0, X, z) = $i(x, z), (x, z) £R^ x R. 

Proof of Theorem [7171 We take 9 G C^{Rz) such that 6^(0) = -i. Then ^> is solution iff 
^{t, X, z) := $(t, x, z) - S{t, x) (g) 9{z) is solution of 

2 



4 V 1+ U 



^(0,x,z) =$o(x,z)-5(O,x)0(z) :=^'o(x,z), ^^^'(0, x, z) = $i(x, z) - 9*5(0, x)0(z) :=^i(x,z). 
Since ^'o e W^iR"^), ^-i G ^^(M^) and F G C° (Mj; L2(m4)^ ^ ^j^g solution of this Cauchy 

problem easily with the Duhamel formula. 

Q.E.D. 

III. Spectral expansion. 

In this part we prove that any finite energy solution is the sum of a massless graviton and a 
Kaluza-Klein tower. The tool is the spectral decomposition of Hg. We also compute the kernel of 
the truncated (in brane energy) resolvent. 

Theorem III.l. There exists f^{z) G C°([0, oo[mXM2) with f^{z) = 0, such that for any ^>o G 
2B1(M4), $1 G L2(M4), there exists <po G {Rt;BL^ (R^)) with dtcpo G {Rt; L"^ {Ri)), and for 
almost all m > 0, 4>m e (Ru (RI)) D (Rt, (R^\) solutions of 



dt(l)o - Axc^-o = 0, dt^Z - A^cj)^ + m'(t>^ = 0, 
such that 

POO 

(III.l) II Vt,x</'m(t) |li2(K3) +m'^ II '/'^(O lli2(iR3) dm < oo, 



and the solution <I> G H o/ t/ie Cauchy problem IlII.l]) . f//.^] . can 6e written as 

I'M 

(IIL2) «>(t,x,z) = </)o(t,x)/o(z) + V lim / </)± (t, x)/±(z)dm. 



^ " i^mi't) IIl2(]r3) dm. 



10 Alain Bachelot 

where the limit holds in H. Moreover we have 
(IIL3) 

poo 

II ^0 lllul(R4) + II $1 |li2(K4) = || Vt,^(j)oit) ||i2(]K3) +2^1 / II ^t,x(/'m(i) lli2(IR3) +m' 

0o(i,x)/o(z) and ('/*,n(^) x)/m(-2^))o<m solutions of equation 01. ID . The first one is the mass- 
less graviton, its energy is finite, and the second one is called the tower of massive Kaluza-Klein 
modes. Since ^ L'^{'Kz), the energy of these modes is infinite. 

Proof of Theorem First we develop the spectral analysis of the one-dimensional operator 

(III.4) h := + ^ (^^^-i^) -36o{z), ^{h) := {u e H\Ry, hu e L\R)} , 

in particular, we determine its pure point spectrum o"pp(h) and its absolutely continuous spectrum 

O-ac(h). 

Lemma III. 2. (h, S)(h)) is a self-adjoint positive operator on L^(M), and we have : 



(111.5) app(h) = {0}, Kerih) = Cfo, 

(111.6) aac(h) = [0,oo[. 

Proof of Lemma \III. We use the quadratic form pi.lSp with X = C For f,g £ 2)(h), an 
integration by part and (111.16^ give 

<hf,g>L2=q{f,g), <h/,/>i2>0, 

thus h is symmetric and positive. Now given g G f± G 2!)(h) is solution of h/± it if± = g iS 

G H^iR), a±{f±,v) := q{f±,v)±i < f±,v >l2 = < g,v >l2 . 

()II.17p implies that a± is continuous and coercive on H^{R), hence this problem has a unique 
solution and h is self-adjoint. Moreover, since g is a closed form, and its form domain is H^{R), a 

classical result assures that 2) (h2 j = H^(R). To investigate the spectrum, we solve for m > the 



equation 

When m = 0, an explicit calculation with the jump formula gives 

uo{z) = A(l+ I z ^(1+ I z |)t - (1+ I z , A,/i G C. 

For < m, we use the Bessel equation satisfied by the Hankel functions -^2^'*, : 

x^u" + xu + (x^ - 4)ii = 0, X G M, 

to check that 

±z > ^ u^{z) = Ai^Vl+ I z \H^^^ (m(l+ \ z \)) + Ai^Vl+ I ^ l^f^ ("^(1+ U I)) , >^± ^ 
Since we have the asymptotics (^8], 7.2) 

(III.7) Hi'\x) -\f^e'^--f\ //f (:c)~-^/^e-(--f), x ^ oo, 

V IT X V TC OC 
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we conclude that is the only eigenvalue and uq G Ker{h.) iff = 0. 

To investigate the continuous part of the spectrum of h, it is convenient to split the functions 
into even and odd parts like in Remark III.3l bv putting 

V2u±{z) = u{z) ± u{— z) , Pn := (n_(_, u_) 

and the map P : n Pn is an isometry from L^(]R) onto L^(]R^") x L^(M+). Since u G D{h) iff 
u G H^{R), uj'jj. G L2(M*), n'(0+) - u'(0") + 3n(0) = 0, we introduce the self-adjoint operators 
(h±,S)(h±)), on L2(M+) defined by : 

£ 15/1 
h± := -v^ + -r 



dz'^ 4 V 1 + -2 

D(h+) := |u+ G H'^{W^)] u'+(0) + ^^+(0) = o| , S)(h_) := {n_ G H'^{m+)] 'u„(0) = O} . 
We have 

(III.8) Phu = (h+u+, h_u^) , 

therefore the operator (h, S)(h)) is unitarily equivalent with the selfadjoint operator (h-|-,h_) on 
L^(R+) X L^(M+). As previous, we can easily show that 

crpp(h+) = {0}, cjpp(h_) = 0, 
3 ((h+)^) = Fi(M+), 2) ((h_)^) = Fi(M+). 



15 / 1 

(III. 9) -u" + —[ ) u = m^n, z > 0, 



Since (Tac{^) = o"ac(h+) n (7ac(h_), the proof of 011.6^ is reduced to investigating the spectrum of 
h±. To establish that o"ac(h±) = [0, oo[, we use a nice result on the Schrodinger operator (Theorem 
7.3 of [27]) : it sufficient to prove that for any m > and all solutions ui, ti2 / of 

2 

4 Vl + ^. 

we have 

fn I u\{z) P dz 
< liminf I ^ I . 

''^'^ /o I Mz) ? dz 
Since the solutions u 7^ of (jlll.QP have the form 

(III. 10) n(z) = \'~^\u)VlT~zH^^^ (m(l + z)) + \^'^\u)VlT~zHf^ (m(l + z)) , A^^') G C, 



with I A*^^-* I + I A^^) 1 7^ 0, we deduce from the asymptotics pil.7p that 

u{z) |2 ~ — f I X('\u) |2 + I A(2)(n) \A b, b^oo, 
vrm V / 



^.^ .^^ /oNni(.)Pdz ^ |AW(n,)P + |A(^)(n,)P ^ ^_ 



therefore 

I U2iz) |2 " |A(1)(U2)|2 + |A(2)(U2)P 

We now construct the explicit spectral representations of h±. We denote L^^ the absolutely 
continuous sub-space of h+ , 

Ll := |/ G L\Rt), f{z)h{z)dz = o| . 

We introduce the functions u±{z,m) defined for < m, < z by : 
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(III.ll) u+{z,m) := -^/rn{^+z) 



^ (m) ^ (m(l + z)) - h['^ (m) fff ^ (m(l + z)) ^.e.jm) 
i^f (m) 



(111.12) ._(..,„) := '-y^WTT^"'^' + - '"'> ""'^ + 



(1) 



r(i) 



r(2) 



(III.13) 



'j(m) := arg ( H^P {m 



vr 
2' 



JB2{m) 



It will be very important to know the asymtotic behaviours of these functions. 

Lemma III. 3. m) — ^/m{l + z)~'^ and U- belong to ([0, oo[2 x [0, oo[m) and satisfy the 

asymptotic properties : 



(III.14) Vi?>0, 3Cij>0, VmG]0, 1], sup u+{z,m) + ^/m{l + z)-^ 

0<z<R 



< Crui 2 . 



(III. 15) 

Vi? > 0, 3Cr > 0, Vm g]0, 1], sup 

0<z<R 

moreover there exists C > such that for all z > 0, m > M > 



U-{z,m) — -mi [{1 + z) 2 — (1 + 2;)2 



< C/jm2^ 



(III.16) 



sup 

0<z<oo 



u^{z, m) + \l — cos{mz) 



+ 



u^(z,m) — a/ — sin(mz) 
vr 



m 



(III.17) 



sup 

M<m<oo 



i(z,m) 



sin mz + m 



Svr 



r(i) 

1[2] 



argi/jr^i (m 



< 



C 



Proof of Lemma \III.4 Since the Hankel functions have no real zero, u± are well defined in 
, oo[^ X [0, oo[2). To get the asymptotic behaviours at low energy, it is convenient to express 
u± in terms of Bessel and Neuman functions. We have : 

Ni (m) — iJi (m) 
N2 [m) - i J2 (m) 

We recall that the Bessel functions are entiere functions ([38], 3.1) : 

(-1)" /X\!^+2n 



n=0 



nl{n + \2 



and we get from the Neumann expansion of the Bessel functions of second kind ([25] p. 283, 
[38] 3.1), that the Neuman functions are analytic functions defined on the Riemann surface of the 
logarithm with the following asymptotics near zero : 



Ni{x) + — -- log(x) = 0{x) G C72([0, oo[^), x^O 
TTX vr 



+ 



4 1 

N2(x) + — + 



TTX^ 



vr 4vr 



log(x) =0(x2) gC2([0,oo[,), x^0+. 



Elementary calculations lead to : 

(III. 18) u+(z,m)+V^(l + z)~5 =0('mi(l + z)i) GC^([0,oo[mX[0,oo[;2), m ^ 0, 
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(III.19) 

u-{z,m) - ^mt [{I + - (1 + = O {m^(l + z)^^ G C^([0, cx)[mX [0, oo[2), m ^ 0. 
To get the asymptotics at high energy or large z, we use the estimate ([25] p. 238) : 



V vrx V 



X ^ oo. 



Replacing the Hankel functions by these asymptotics in pil.lip and piI.12p . we obtain 
uj^{z, m) = —\— cos{mz) + O ( — ) + O ( — — r ) , m ^ oo, 



(III.20) 



z oo. 



TT ym J \m(l + z) J ^ 

U- (z,m) = \ — sin(mz) + O { — ) + O ( — ; r ) , m — > oo, 

V TT \m J \m{\ + z) J 

u+{z,m) = ^J^sm (mz + m - argi^f ^ (m)^ + O (^^^t+^ 
u_ [z, m) = sin (^mz + m - ^ - arg h!^^^ (m)) + O (^^(1+^ 

Q.E.D. 

We are now ready to introduce the distorded Fourier transforms associated with h±. For / E 
CO ([0,oo[,), / G ([0,oo[™), we put 

POO 

0<m, F±{f){m) := / f{z)u±{z,m)dz, 



< z, F±[f){z) := / f{m)u±{z,m)dm. 
Jo 

Lemma III. 4. (respectively F^) can he extended into an isometry from L^^ (respectively from 
L^(M^)J onto L^(IR^) and F± = F^"^ . \y± is implemented by the operator of multiplication by m? : 

(111.21) /GS)(h±), F±(h±/)(m) =m2F±(/)(m). 

Proof of Lemma \III.4 ' We construct the spectral representation by the usual way (see e.g. 
[27J Theorem 7.4). First, we have to find a normalized (p(z,X) upper solution of the Schrodinger 
equation 



.2, 15/ 1 



2 



that is a solution satisfying 



for almost A > 0, f{z, A) = lim (f{z, A + ie) in Lf 

£— >0+ 

with 

Ve>0, ip{z,X + ie) e L'^iRt): 

and 

ipdzip - Tpdzif = -i. 

From (|IIT77|) and pil.iop . we obtain 



2 



0<A, 0<z, <^{z,X) = ^^/^VTT^H^^^ (^Vx{i + z) 



The next step consists in finding a real solution v±{z,X) of the Schrodinger equation, satisfying 



the appropriate boundary condition at z = 0, i.e. ^^^^(O, A) + ^v+{0,X) = 0, u_(0, A) = 0, and 
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normalized to have spectral amplitude A := 2 \ v±dzf — ipdzV± |= 1. Up to the sign, this solution 
is unique, and a tedious computation based on (|III.10|) leads to 



1 



t>„(z,A) := + 



(2) 



l + Z, 



v+{z,X) :-- 



24'UVx]+Vx(h!;'^\ iVx 



r(2) 



H^^^ ( VA(1 + z))- Hf^ (yA(l + 



2H^}^ (Vx]+^{h^}^] (VX 



(2) 



,i0i(v^) 



where 9j is given by (jlll.isp . Finally we put u±{z,m) := 2y/^v±{z,m?), and we get piI.12p . and 
also pil.lip by using the recurrence relation 

2Hi^\x) + x^h\^\x) = xH[^\x). 
Then F± are unitary representations that satisfy pil.2ip . 

Q.E.D. 

Now we are ready to prove the theorem. We define 

/oo 

<I>,(x, OUOdC, (x, z) := v^f (x)/o(z), $f := - $f . 
-oo 

The solution of the Cauchy problem (|II.ip . ()II.2p . pi.26p can be written as 

where (po G C° {Rf, BL^ (M^)) with ^t^o G (Mt; (rS))^ solution of 
(III.22) a2</.o - A,0o = 0, 0o(O,x) =<^^(x), 9t0o(O,x) =99f (x), 

and G C° (M*; J^^ (M^)) with dt^^ G (Mt;^o (M^)), is solution of ([ILT]) with initial data 

$^(0,x,z) = $^(x,z), 9t$^(0,x,z) = $f (x,z). 

If we put 

2^>±(t, X, := X, z) ± ^^{t, X, -z), 

we have 

$^(t,x,z) = $+(t,x, I z I) + ^$_(t,x, I z I). 
We note that ^>+(t, .) and .) are orthogonal in 211^ (M^) and (M^), and 



<j,B ||2 



+ II 



B ||2 



JM 



2\z \ \l + z 



dzdx. 



Given t G M, for almost x G M^, the maps z ^ Vx*!*- (i, x, z) and z i— > Vx^+(t,x, respectively 
belong to L^{Rt) and to L^^. Thus we can apply Lemma IIII.4I and for almost all m > we 
introduce 



(j)^{t,x) := lim / ^±{t,x, z)u±{z,m)dz, 

M^odJq 



that is converging in L2 (M+ ; BL^{Rl)) . Moreover, since $± G C'' (Rf; .^-"^ (M^)) with dt^± G 
C° (Mi;J^° (M^)), then 

(III.23) 0± G (Mt; (E+ ; i^L^ (M^))) , 9*0^ G C7° (M*; (^3))) ^ 
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and 



1 r 

(111.24) 0±(O,x) = - lim / ($^(x,z)±cI>^(x,-z))n±(z,m)dzGL2(M+;i3Li 

1 

(111.25) dt^iiO,^) = - hm / {'^f{^,z)±<^>f{^,-z))u±{z,m)dzeL^R+;L^ 



Therefore, if we introduce 



(III.26) 



:= n+(| z |,m), := - — -u^{\ z \,m), 



Lemma IIII.21I assures that 

i-M 

Vt,x«'±(i,x,z) = hm / Vt,x0™(i,x)/^(z)dm m C°(Mt;L' 



2m4 

■x,z 



)), 



/"OO /'CxD p 

/ / I Vt,x$±(i,x, 1^ dzdx = / / I Vt,x(/'m(*>x,m) 1^ dmdx. 
JO JKJ JO Jm.1 



We remark that for u G ©(h-t) we have 

2 







poo 

=< h±/,/ >i2(K+)= / \F±f{m)\'^m'^dm. 
Jo 



21 + z' 

This equahty can be extended by density into an isometry from the closure of ©(h-i-) for the norm as- 
sociated with the first integral, onto L^(M+ , m?dm). We deduce that nvf)^ G C° (M^; L^(M+ ; (l^x)) 
hence with (|III.23P 

(111.27) Va>0, eC°(Mt;L2([a,ooU;//i (M^)) , 

and 

2 



3 1 

5^$±(f,x,z) + $±(f,x, z] 



poo p 

dzdx = / I (j)^{t,x,m) ^ dmdx, 
Jo JrI 



21 + z 

therefore (fllLT]) . (fllO) . (IIIO) are estabhshed. 

It remains to prove that cf)^ is a finite energy solution of the Klein-Gordon equation for almost 
all m > 0. Thanks to OILSp . we see that the map (<I>o,'I>i) ^ {4>^,dt(t)m) is continuous from 
W^R'^) X L2(m4) to C° {Rt;L^ {R+;BL^{Rl))) x C° {RuL"^ {R+;L^{Ri))), hence it is sufficient 
to prove that 



(III.28) 



id? 



Ax + m 



in V'{Rt X M^x]0,cx)[„). 



for a dense set of initial data. We choose <I>i E C^(M^), and ^q £ 2)(Ho), compactly supported in 
{(x, z); I X I, \ z \< R}, and such that $o G C'o (^^! C'o°(]Rx)- It is easy to see that the set of all such 
data is dense in 2U^(M^) : given $o S S)(Ho), we take X e C^(M'^) equal to 1 on a neighborhood of 
and G C^iRi), < 0, / 9{x)dx = 1. Then $„,p(x, z) := f 9{p{x - x'))x(^, f )^o(x', z)dx' 
belongs to 2)(Ho) n £'(R'^) n C|J (M^,; C^(M3) , and tends to $o in if^I^^) as n,p ^ oo. The 
solution of the Cauchy problem satisfies 

$ G (Rt;L2(R4)) nC^ [RuH^R"^)) , 

and since Ax and P{d) defined by (|II.3P are commuting, Ax<I> is also a finite energy solution, 
compactly supported in space at each time, hence 

Ax$ G C° [Rf, L'^{R^)) n (Mt; H\R'^)) . 

This implies that 



G C° 
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We deduce that for all t G M, x G M'^, the map z ^ $-|-(t,x, z) belongs to 2)(h-|-), and for | t |< T 



1 

(t,x) = - ($(i,x,z)±cI>(t,x,-z))n±(z,m)(imGC^(]-r,T[;Fi(M3)), 



- Ax + m2)0± = / (a2 + P(a)) ($(t,x,z)±$(t,x,-z))u±(z,m)dm = 0. 

JO 

It remains to prove that in the general case where ($0)^i) ^ 21J^(M^) x L^(R^), (/)^ belongs 
to C° (Mt; (M^)) n (Mt; (M^)) for almost ah m > 0. We have established that for < a, 
</)± £ C° (R t;L^ ([a,oo[m;Fi (M3)))nC7i (M^L^ ([a,ooU;L2 (r3))) is solution of (llimi) . ([111:25]) 
and ()III.28p . We remark that this Cauchy problem is well posed in this functional framework 
because of the conservation of the energy : 

I I I Vx,t0m(t,x) p I (/>^(t,x) p dmdx = Cst. 

This equality can be easily proved by the usual way from the Klein-Gordon equation when </>^ G 
(Mt;L2 ([a,oo[„;Fi (M3)))nC2 (iRj;^^ [[a,oo[m;L^ i^i)))- In the general case, we use ^^(t, x) : = 
(j)^{s,'x)ds that belongs to this space and tends to 0^ in {Rt^L"^ ([o, C)o[m; -ff^ (^x))) ^ 
(Mt;L2 (\a,oo[rr,]L'^ (l^x))) as e ^ 0. Now piI.25D and pil.27p assure that for almost m > 0, 

0^(O,x) G i^Hl^x), 5t(/)^(0,x) G L2(IR3), For 3^^^ an m we consider G C° (]Rt;Fi(IR3)) n 

C"*^ (Mf; L2(Mx)) solution of the Klein-Gordon equation with initial data Vm(0)^) — '/'m(O)^); 

c^tV'm(0'^) = f^t'/'jn(Oi The energy estimate implies that 

Since this space is included in (Mj;L2 {[a,oo[^]H^ (M^))) nC^ (Mj;L2 {[a,oo[^-L'^ (l^x))), the 
uniqueness implies Vm = '^m; therefore we have proved that (f)^ belongs to C*' {p^t'^H^ (^x)) ^ 
(Mt; (m3^) for almost ah m > 0. 

We achieve this part devoted to the spectral analysis of Hq, by the computation of the kernel of 
its resolvent. Since Hq is a positive self-adjoint operator, (Hq — A^) is well defined in C (l2(M^)) 
for all A G C* with < arg A < vr. If we add a cut-off in energy relatively to the brane, i.e. we 
consider (Hq — A^) l[o,fl] (l^xl), we can express the kernel explicitely. 

We recall that the Hankel functions are holomorphic on the whole Riemann surface of the loga- 
rithm C*. We introduce 



K(m; z, z') := {I + z){l + z') H^-"' (m) //^'^ (m(l + zA z')) 
(111.29) 4z L 



r(2) Tjil) 



- H!^'' (m) H^2> (m(l +zA z')) H^^^ (m(l +zV z')) 

where z A z' := min(z, z'), z\l z' := max(z, z'). For x G C*, we denote \fx the branch of the square 
root defined by < arg < vr when < arg x < 27r. 

Theorem III. 5. For any R> 0, X e C* , < arg A < vr, F G n L^{R^), we have 
(Ho-A2)-4[o,k](|Vx|)F(x,z) = [ Kfi(A;x,z;x',z')i^(x',/)dxW, 

JR4 
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where this integral converges absolutely and the kernel of the truncated resolvent is given by 
Kr{X;x,z;x',z') : = 

''^ sin (r I X — x' I 



47r2 



X' 



zz 



1 



H 



(1) 



VA2 - r2 



K( 



r^:\ z 



rdr. 



Proof of Theorem I///. 51 Given m G C, < argm < vr, we compute the kernel K-|-(m;z,z') of 
the resolvents (h.± — m?^ by the usual way (see [27], p. 262). First we determine fj{m;z) the 
solutions of equation (1111.9^ with /i(m; 0) = 0, dzfi{m; 0) = 1, f2{m; 0) = 1, dzf2{m] 0) = 0. Using 



(|III.10p . the wronskian relation HI \x)-^Hr {x) - H, 



(2), 



x-^H2\x) + 2H2' {x) = xff|"'''(2;), we find after tedious calculations : 



r(i) 



Ai 



, and the identity 



fi{m;z) 



/2(m;z) 



vr 
4i 



^ (m) i?^'^ (m(l + z)) - F^'^ (m) F^^-" (m(l + z)) 



r(i) 



(1) 



r(2) 



«(m(l + z)) 



mi/f ^ (m) - ^/f^^^ (m) ) H^^^ (m(l + z)) 



Secondly we have to determine C(m) G C such that /2(m;z) + C{m)fi{m;z) £ L'^{Wf). The 
bounds for the Hankel functions ([25], P. 267) assure that for any 6 > there exists Cg > such 
that for all x £ C* , with < argx < vr we have 



(III.30) 



Vx G C*, < argx < vr. 



<C5|e- 



Since < argm < vr, the function H2^^ (m(l + z)) is exponentially decreasing as z 
(2) 

H2 (m(l + z)) is exponentially increasing as z — > 00. Thus we get 



00, and 



C{m) 



mH[^^ (m) 



fifW (m) 



i^^'^ (m) 



/2(m;z) + C(m)/i(m;z) = VTT^ 



i/^^^ (m(l + z)) 
H^2^ (m) 



Finally we know that 

K_(m; z, z) = fi{m, z A z') [f2{'m; zV z') + C{m)fi{m; z V z')] , 

[/2(m; z A z') - |/i(m, z A z')] [/2("^; z V z') + C7(m)/i(m; z V z')] 



I + C(m) 



K+(m; z, z') = — 
and so we conclude that 

mTQ1^ { '\ K(m;z,z') , K(m;z,z') 

(111.31) K+(m;z,z)= , K_(m;z,z) — 



i^f ^ (m) 

Now given A G C, < argA < vr, and F G L2(IR3 



i^?^ (m) 



we introduce F-t(x, z) := i(F(x, z) it 



F(x,z), and we solve (Hq - A^) $± = Ijo^j (|Vx|)i^±. Then the solution $ of (Hq - A^) $ 
l[o,i?] (|Vx|)F is given by $(x,z) = $+(x,| z |) + I ^ 



We use the partial Fourier 



transform J^x/(^5 z) = /(^, z) of /(., z) with respect to x given for / G C^f 



by 



(III.32) 



•^x/(e, z) = /(e, ^) := I e— -^/(x, z)dx. 

(27r)2 JiR3 
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Then for almost all ^ G M^, the function r G ^ ^±{^1 •) belongs to 2)(h-|-), and 

(h±+ I e P -A2)c|±(£,z) = l[o,fi] (|e|)F±(e,^), < z. 

In the sequel, we assume that F E L^n-L^(R^), hence all the following integrals make sense. Taking 
advantage of the Hankel transform, we have for < z : 

3 

$±(x,z) = (i-) ' (^"k± (VA2-|^|2;z,z') F±(e,/)^^^') ^ 

F±{x', z')dz'dx 



1 \ 2 



r) [ r [ e^^---'^-^KJV>^^Tl^;z,z')di 

J Ji (I X — x' I r)'K± (^\/ — r^; z, z' ) rt^r 



.2vry JO I X — X' 1 2 

We conclude that for all x G R'^, z G M, we have : 



F±(x' , z')dz'dx 



with 

Kr(A;x, 2;;x',z' 



$(x, z)= / K.ji{X;x., z-jX , z')F{-x' , z')dx.'dz' , 
^ sin (r I X — x' I) 



47r2 I x — x' 



K+ (^A2-r2;| z 1,1 1) +^£^K_ (VA2-r2; 



rdr. 



Now the result follows from ()III.3ip and (|III.30P that assure that for any compact A C {X G 
C*, < arg A < vr}, and all R, Ri G [0, cxd[, there exist C, 7 > such that 



(III.33) 



sup sup sup |Kk(A; X, z; x', z') I < Ce '^'^L 
x,x'eM4 |2|<iJi xeA 



Q.E.D. 

Finally we investigate the domain of analyticity of the continuation of the truncated resolvents 
(see Figure 3, section VI). 

Corollary III. 6. For any Rj > 0, the truncated resolvent 

1[0A] (I X I + I z I) (Ho - l[o,«o] (|Vx|) l[o,R.] (I X I + I z I) 

considered as a C (L^ (M.^ -valued function of X, has an analytic continuation on 

Or, := [X e e; F« ( VA2 - r2) / Vr G [0,i?o], 1^ = 1,2^. 



Proof of Corollary MIL 61 By the Dunford theorem ([39], p. 128), it is sufficient to show that 
given F G L2(IR^), the map 

A ^ l[o,i?i] (I X I + I z I) / Kfi„(A;x,z;x',z')l[o,R2] (I x' | + U' I) F{x! , z')dx! dz' 



is a i>^(Mx 2)"'^^lued, holomorphic function on Or^. This property is easily proved with pil.33p by 
remarking that the map 



Ai — > l[o,fli] (I X I + I z |)K/j^o(A;x,z;x',z')l[o,R2] (I x' | + | z' |) 
is a L°°(Mx2 X M^, ^,)-valued, holomorphic function on Or,. 



Q.E.D. 
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IV. Decay near the Brane and Strichartz estimates 

It is clear that the massless graviton decays uniformly as for regular data, and belongs to 
L^(]R^) according to [35]. In this part we investigate the decay of the Kaluza-Klein tower. We know 
that for initial data in C^(M^), the solutions of the D'Alembertian on the Minkowski space-time 
R^"*"^ decay uniformly in space as t~2 (Von Wahl estimate [37]). In this section we first prove that 
the same estimate holds for the Kaluza-Klein tower near the brane. These results can appear to be 
surprising since, although these waves are superpositions of Klein-Gordon field on for which 
this decay holds, there is a continuum of mass on ]0, oo[, without gap to separate the zero mass. 
The key of the phenomenon is the behaviour at zero of the spectral kernels fmi^) = 0{^/m). Since 
the Von Wahl estimates involve the norms of the initial data in some Sobolev spaces based on L^, 
we have to construct the functional framework adapted to our problem. We introduce for = 0, 1 
and e > : 



:= 1$ G j^o n 2) fH^+^ ); |a|<2 + iV, l</<3 + iV-|a 
(IV.l^ ^ 



(1+ I z \Yd^^ £ l\r'^), did^^ e l\rI X e;)} 



where the derivatives with respect to z are taken in the sense of the distributions in ^ This 
space is endowed with its natural norm ||^'||l2(r4) + ||H^^"^<I>||^2(]g4) + ^ ||(1+ | z |)^i9x<I>||li(ir4) + 
Yl ll^i:f^x*^llLi(R3xiR*)- We are now ready to state the decay estimate of — L°° type : 

Theorem IV. 1. For any R > there exists Cr > such that for any e g]0, |], and for all 
$0 G X}, e X^, the solution $ of the Cauchy problem lill.^) . IIII.2()\) satisfies : 

II •) llL°°(K3x[-fi,R]^) < 

4— |q!|— jr 

^ II (1+ U |)^5-<I>, ||ii(K4) + Yl E II ^i^x^J IIl1(M3xR- 

|a|+i<3 |a|+i<3 1=1 



Cr I t |-i 



The first term of the right-hand side of this estimate, \ Y\a\+j<z II (1+ I ^ \Yd'^(^j ||^i( 
controls the contribution of the light Kaluza-Klein modes with the mass m g]0, 1], while the second 

one, X]|a|+j<3 S^=i"' II IIli(KxXKz)' *° heavy Kaluza-Klein modes with the 

mass m > 1. 

Proof of Theorem \IV.1\ According to Theorem IIII.1[ we write the solution as 
(IV.2) $(t,x,z) = lim «>M(t,x,z), <i>Mit,x,z) -.= ^2 ^miti^)fmiz)dm, 



± 



where for m > 0, 0^ is solution of the Klein-Gordon equation : 

(IV.3) - Ax0^ + m2,/.± = 0, </.±(0,x) =,^^±(x), (0, x) = 0^±(x). 

Then f(t,x) := (/)^(t/m, x/m) is solution of d^v — Axf + u = 0, v(0,x) = uo(x) := (/>m^(x/m), 
dtv{Q^~x) = t'i(x) := ^0m^(x/m). The — L°° estimate due to Von Wahl (see [37]) assures that 

lh(i,x) ||i^(K3)< (7(1+ I t |)~i Y II ^x^^iW IIlMRJ) • 

|a|+i<3 

We deduce that 

(IV.4) ||0±(t,x)||ioo(K3)<C(l + m|t|)-§ "i'-'"'-^' II Wm^(x) ||^i(K3) . 

I"l+i<3 
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(|III.14p and piI.lSp imply that for any R> there exists Cr> such that 
(IV.5) 0<m<l, sup \ f^iz) \< CrV^, 

\z\<R 

and we also have : 

(IV. 6) sup sup I fmi^) \< oo- 

l<m zeR 



We deduce that 

II ^M(t,X, z) \\l^(r3^x[-R,R]^)< 



^^•E E / (i+"i|ti)"5^/^ii«^ II 



rM 

+ {l + m\t |)-2m3-l"l-J- II d^cfP^ |Ui(M3) dm. 
To estimate the integral for m g]0, 1], we write 

piI.lSp and pil.lOp assure that for any a G [0, we have 

3 5 5 

m(l + z) < 1 ^1 n+(z, m) |< ^/m{l + z)~2 + Cms (1+ | z |)2 , 

m(l + < 1 =^>| u-.{z,m) \< - (m)§ (1 + z)^ + Crn^, 

8 

hence for any e G [0, we have 

(IV.8) m{l + z) < 1 ^1 u±{z,m) \< Cm''{l + k \ z \Y . 

On the other hand piI.16P implies that 

(IV.9) sup \ u±{z,m) \< C <oo. 

m{l+z)>l 

Therefore we get for all < m < 1 and < e < ^ : 

II ^X-/-^^ IIl1(M3)< M II (1+ I Z \YdZ^, ||,.1(M4_J, 

hence 

(IV.IO) [\l + m\ t II 5^</)4± ||ii(K3) dm<-\t |-i|| (1+ | z |)^a^$,- 

We now estimate the integral for large m. We need a regularization with respect to x. Let 
(6'„)„ C (M^) such that < 6'„, Supp6l„ C {| x |< 1/n}, / 6'„(x)dx = 1. We introduce 
$"(x, z) := J *l'j(x — y,z)9n{y)dy. We can easily check that tends to in X^^^ as n tends 
to infinity. Moreover, for all A^, A^d^^^ belongs to 2)(Hq~-') n We conclude with a classical 
argument of density, that it is sufficient to establish the result when the data satisfy <9x*^j ^ 
D(Hl'^)n^° for all N. In this case, for almost ah x G M^, the map z i — > d^<^j{x, z)±d^<^j{x, -z) 
belongs to S)(h^~''). Thanks to Lemma IIII.4I we have 

(IV.ll) d^<tP^{x) = m-'^'Fi (hl-^ [d^^,ix,z)±d^^jix,-z)]) (m), 
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hence with (|IV.9p we get for m > 1 

\\d^(^m\\LHRl) < m-2^||h^~^ [d^^j{^,z)±d^^j{j^,-z)] ||l1(r3x]o,ooU)- 

Since 

4-2j 

l|h± [9x«'i(x, z) ± a^^>j(x, -z)] ||li(k3x]o,ooU) <CY1 ll^i^S^illiMKSxR*), 

1=0 

where the z-derivatives are taken in the sense of the distributions in \ {z = 0}, we conclude that 
rM 

{l + m\t II Wmmdm < 

4-2i 
1=0 

Since 

/°° 3 3 

(1 + m I t |)"2m^'~^~l"l(im < C | t |"2 , \a\+j <3, j = 0, 1, 

we obtain 
(IV.12) 

/oo 
(1 + m I t |)-2m3-l"l-^- II d^cPi^ ||ii(K3) dm < C I t |-2 ^ Wdid^^jhHRi^Rt)- 

Now the theorem follows from ^rvl\i . pV.lOp and (|IV.12p . 

Q.E.D. 

The - estimates are very useful to the study of non-linear problems. In the case of 
the massive Klein-Gordon equation in the Minkowski space-time, they were initially proved by S. 
Klainerman for compactly supported initial data, refined in [4J and \TU] and extended to the 
non compact data by Georgiev |14j . We establish such estimates for the Kaluza-Klein solutions. 
We introduce suitable weighted spaces : 

(IV. 13) 

:= {$ G n D (<+i) ; ^ ||xp(| y \)x,i\ z |)(1+ | y |)i(l+ | . |)^9^<I>,||z.2(k3xm.) 

|a|<Af+10<p,(j 

\a\=N+20<p,q 
N+3 

+ E E ^\\xpi\y\)i^+\y\)~'did^^j\\ L2(M3xM*) < OO > . 

1=1 \a\<N+3-lO<p 

Here Xp is the dyadic partition of the unity on [0, oo[, defined by 

XO = 1[0,1[> 1 < P =^ = l[2P-i,2P[- 
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Theorem IV. 2. For any R > there exists Cr > such that for any e g]0, and for all 
<I>0 G y], (^i^y^, the solution <^ of the Cauchy problem UI.1\) . UI.^) . IIII.26\) satisfies : 

||$(t,X, .)||Loo([-K,iJ],) < 

Ja|+j<2 0<p,g 

|a|+j=3 0<p,g 

4 

+E E EiMiyi)(i+iyi)^^i^y^^-ii^^(KjxR^) 

«=1 \a\+j<A-l 0<p 



Like in the previous theorem, the term with the weight (1+ | z \)^~^^ is used to control the 
contribution of the hght Kaluza-Klein modes, while the z-derivatives are useful to estimate the 
heavy modes. 



Proof of Theorem \IV.iA We start with expression ()IV.2p . We have to control carefully the 
dependence of the decay estimates with respect to the mass, so we need the following : 

Lemma IV. 3. There exists C > such that for any m > 0, the solution (pm of the Klein-Gordon 
equation df (pm - '^iL4>m + 4>m = 0, (/>m(0,x) = (/'^(x), dt4>miO,x.) = </)^(x), satisfies for allt G M, 
X G ; 



(t>m{t 



x)|<c(^l + l)(l+|t| + |x|)-t 11(1+ I y l)^^yC(y) ll^^{M3) 



|a|+i<3 



|a|+i<3P=0 

provided the norms of the right-hand side are finite. 



Proof of Lemma \IV.3l We follow closely the method employed by Georgiev pH]. By the Sobolev 
inequality on R^, there exists C > such that for any t G M, x G we have : 



(IV. 14) 



,(t,x) \<CY l|5^</'m(t,y)||L2(R3). 
H<2 



We can control the L^-norm of the right-hand side by using the energy equality 
/ I dtdMt, y) P + I Vy5"<^„(t, y) |2 + m2 I d^cPmit, y) P dy 

= 1^^ I d^cfliy) I' + I Vya-0^(y) |2 W I d^cf'miy) I' ^y, 

to get 

|</>n^(^,x)|<C^ + l) Y \\dy<l>Liy)\\LH^y 

^ ^ l"l+i<3 

Now we choose some function x G C^(M^) such that x(y) = when | y |> 2 and x(y) = 1 when 
I y |< 2. Given t G M and x G fixed, we consider the solution -(/'(s, y) of dl'4) — + rv?^ = 0, 
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V'COjy) = X (iTll) 4>m{y)i ds'il^{^,y) = X (iqf ) 'Am(y)- The finite dependence domain argument 
implies that (/)m(t,x) = ip{t,x), thus by applying the previous estimate to ijj we obtain : 

I 0™(t,x) \<c(l + -) ll^yC(y)llL2(|y-x|<2+2|t|)- 

^ l"l+i<3 

If I X I > 4 I t I +4, and |y — x|<2 + 2|t|,we have | y | > 5 | x | , hence 

I X |> 4 I t I +4 ^ (1+ I X I + I t 1)1 I 0„(t,x) \<c(l + -) J2 11(1+ I y \)^d^^m{y)\\L^^y 

When I X |< 4 I t I +4 and | t |< 1, the Sobolev inequality pV.14p gives the result. Finally, when 
I X I < 4 I t I +4 and | t | > 1 , we use the Von Wahl estimate pV.4p and the inequality 

00 

UWlhr^) < v'4vrlog(2)^ \\xk{\ y |)(1+ I y \)h{y)\\LHR^y 

k=0 

Q.E.D. 

Now we use Lemma IIV.3I and the estimates OV.SP and OV.GP , to get from ()IV.2p : 



3 1 3 

<I>(t,x,.) ||L-([-fl,ij].)<C^j^ (l+|x| + |t|)-M — ||(l+|y |)i5^,/>^^±||i2(M)dm 

± \a\+]<3 
00 „x 

+ Y (1 + m I X I +m I t |)-lmi-H-^||xp(| y |)(1+ | y |)t9^<fe±||^.(K3)C 

p=0 

3 f'^ 3 

+(1+ I X I + I t 11(1+ I y |)29^04±||^,(K3)dm 

00 »oo 

+ (1 + m I X I +m I t |)-^m3-H-^||xp(| y |)(1+ | y |)^9°</4^ 



To estimate the integral on the light mass, we use PV.SP and pV.9p . If P is a partial differential 
operator on M^, we obtain for any < e and < m < 1 

00 

\\P<l4k^\\L^m) < Cm'\\{l+k I z |)^P<D,||^i(i,^.i2(K3)) < Cm^^llxpd z |)(1+ | z \)'^^'P<^j\\LH^>,R^y 



■y 

p=0 



For P = (1+ I y I) 2 d^, we take e = and we get : 

(IV.15) / ||a^</4±||^,(j,3)(im < llxpd ^ |)(1+ I y 1)2(1+ I z |)^5^<&, 



'illL2(M3xR,)- 

p=0 



For P = Xp(y)(l+ I y I) 2f^y with \ a \ +j < 2, we take e = again and we obtain : 

/V + m I X I +m I t |)-imi-H-J||;^p(| y |)(l+ | y |)i9^</4±||i2(K3)dm < 
Jo 



c(| X I + 1 1 |)-i Y llx.d ^ \)xp{\ y l)(i+ I ^ 1)^(1+ I y l)^9^$,l 



y "Biz) ■ 
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3 

Finally for P = Xp(y)(l+ I y D'^dy with \ a \ +j = 3, we take e > and we obtain : 

/ (1 + m I X I +m I t |)-5mi-H-i||^p(| y |)(i+ | y |)l9^</4± ||^2(K3)dm < 
Jo 

„ CO 

-(I X I + I t \\X,{\ z \)Xp{\ y l)(l+ I z 1)^+^(1+ I y |)i9^$,||z.2(M3xR.). 

<?=0 

To estimate the integrals on the large mass, m > 1, we use the procedure of regularization 
employed in the proof of the previous theorem. Thanks to (jlV.lip and Lemma IIII.41 we have 

C°° 3 /"°° 1 3 

' 11(1+ I y |)^a-<?4±||i2(K3)dm < / —11(1+ I y \)--F^ (h± [9°<l.,(y, z) ± a^<I>,(y, -z)] ) (m)||^2(^3)dm 

< 11(1+ I y |)iF± (h± [d^^,{y,z)±d^^,{y,-z)]) {m)\y^^,^^^^ 



< 



11(1+ I y |)5h± [d-^,{y,z)±d^'^,{y,-z)] 11^.(^3, 



< 11(1+ I y |)^aia-cI>^-(y,z)||i2(R3xM*). 

/=o 

At last we evaluate for j < 1+ | a |, j = 0, 1, 

(1 + m I X I +m I t \)-^m'-\^\-^\xp{\ y |)(1+ | y \)W^cl4;,^\\L2^^^dm < 

F± (Xpd y l)(l+ I y \)--hl~^ [d^<^,{y,z)±d^'^,{y,-z)]) (m)|U.(K3)(im 



1 (1 + m I X I +m I t I) 2 



< C7(| X I + I t (xp(l y l)(l+ I y D^h^-^ [d^<^,{y,z)±d^<P,{y,-z)]) {■ 

4-2i 

< c(| X I + 1 1 Y Wxpil y l)(i+ I y l)^45y^i(y,^)llL2(M3xR|). 



Il2(R3xR+) 



=0 



We know that Strichartz has proved in |35j that for suitable initial data, the solutions of the 
D'Alembertian in the Minkowski space-time R^"*"^ belong to L'^{W^), and the solutions of the mas- 
sive Klein-Gordon equation belong to L'?(M^), ^ < (? < 4. Moreover the massless fields in the 

Minkowski space-time M^"*"^ belong to L'3" (M-^+^). Therefore, we expect that near the brane, the 
solution of the master equation are in {[-R,R]^;L'^ (Ri x M^)), and the Kaluza-Klein tower 
that is more dispersive because of the mass, is in L~ (M^ x x [—R, R\z) ■ This is indeed the case. 

Theorem IV. 4. There exists C > and for any R > 0, some Cr > 0, such that the solution 

<I> of the Cauchy problem ill.l]) . UI.S\) . UI. 26\) satisfies the following inequalities. When G 

1. _ 1 

K^nTi(H^), ^>i G nS)(Ho *) we have : 

(IV.16) II $ II 10, , , C/j y II h|^^~^^$,- 11^2 

i=o,i 

When G n for some e> Q, we have : 



(I'^-l^) II $ ||L°c([-iJ,i?]^;L4(K^x]R3))< — § X] II ^0 ^ ^3 IIl2 

^ i=o,i 
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When ^ is a massless graviton, we have 
(IV.18) II $ II 
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J=0,1 



Proof of Theorem IV. 4 ■ The global L'^{M.t x M^) estimate due to Strichartz |35j assures that 
the solution v of the Klein-Gordon equation with the mass equal to 1 in x M^) solution of 
dfV — AxW + v = 0, v(0,x) = wo(x), dtv{0,-x.) = fi(x), satisfies 

10 



< g < 4, II v(t,x) ||L9{MtxM3)< C ^ II (1 - A> 

i=o,i 



^'i(x) ||l2(R3) . 



Therefore we deduce that the solution (pm of the Klein-Gordon equation with mass m > 0, di4>m — 
^x(pm + ■rv?'(t>m = 0, (/)m(0,x) = (/"^(x), 9t(?!>m(0,x) = Satisfies : 



,2 A 



(IV.19) -- < g < 4, II 0m(t,x) ||L5(MtxR3)< Cm^"^ ^ 

i=o,i 

Concerning the massless free wave c/^o, solution of df(j)Q — A-^cpo = 0, we also have : 



(IV.20) 



II Mt,^) IIl4(1R,xR3)< C II (-Ax)^^^ ^'Vo(x) ||l2(ik3) . 

i=o,i 

We use the representation dTOI) . (ITOll . We deduce from (jlll.l6p . (|ill.26p and (|IV3]) that for any 
z G [— i?, R] we have for any M > 1 : 



II'J'mI-, •, ^;)||L9(RtxR3) < C/J 



E 



+ 



m\ 



M 



m 



llL'J(RtxR3)rf"l 



M 



where g'^{z,m) = J -cos{mz), g {z,m) = A/-sin(mz). We use OV.IQP with q = io get 



I'M 

'Lir(RtxIR3) m,"^'""L3-(RtxK3) - 



i=o,i 



M 



Ax) 



dm 



Since Lemma IIII.21I assures that the distorded Fourier transforms are isometrics, we have : 
/ II K - Ax)^^^"'V^n^^(x) ||i2(K3) dm 



1 /""^ 1 1 

II (h±-Ax)2(2-^-)[$,.(x,z)±$,(x. 
II (h - Ax)^(5-i) $,(x, z) ||2,(^3) dz = ]^ 



"^)] IIl2(R3) 



We conclude that 
± 



m||0^|| 10, ,,(im-|- / — ||<y^'^|| lo , .,dm<C >^ 
™-"''^'™-"3> / ^ll^™llLT-(RtxR3) - 



± 



'L"3-(RtxR3) 



i=o,i 



X,2 ) 
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To estimate the third term, we remark that J-^^^ (l)^{t,x)g^(z,m)dm is solution of the free wave 
equation in the Minkowski space-time Mf x K^^, thus the Strichartz estimate assures that 



M 



4'mit^^)9 iz,m)dm\\^w 



< 



j=o,i 



M 



<Hn {z,m)dm 



Taking account of the expression of 5^ , we have 



M 



M 



hence we get by Lemma IIII.21I that for almost all x fixed in 



-A. - 5 



M 



<l>'m{^)9^{z,rn)dm 



L2([l,Af]™) 



< 



< 



< c 



(-A, + m2)H^-^')0^^±(x) 
(-Ax + h±)K|-i) [$^.(x, z) ± cj, .(x, -z)] 
<I>,(x,.)" 



Finally we take the L (]R^)-norm and we get 



sup 

M>1 J I 



M 



< 



i=o,i 



X,2 ) 



and the proof of (|IV.16p is complete. 

The proof of the L°°{L^) estimate for the Kaluza-Klein tower is similar. When $j ^ ^ r\ 

j)^jj2(i-j)+£^^ we deduce from (fTO]) . (fTO]) and ([IVT9l) that for any z G [-i?, i?] we have for any 
M > 1 : 

M 



I^m(-,-,^;)||l4(k^xR3) < V / ||</'mllL4(M,xM3)f^m 

^ JO 



i=o,i 



[m 



1^^^ 'V^^(x) ||L2(K3)dm 



+ 



M 



m 



Ax) 



m 2 ^^(im 



■'-'^^(/'^^(x) |li2(iR3) dm 



< 



Cr \ - 



$0 



hence pV.17p is established. At last, estimate pV.lSp for a massless graviton with initial data 
$j(x, z) = (g) fo{z) is a direct consequence of PV.20P since 
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V. Brane- World Scattering 

In this section we prove that the finite energy solutions of (lILlj) with data in x that are the 
Kaluza-Klein towers, are asymptotic to free waves <I>^ with finite energy on the five-dimensional 
Minkowski space-time : 

(V.l) (9^2 - Ax - af) = 0, (t,x,z)GMxM3xM, 

(V.2) $± G C° (R^; BL" (M^,,)) , dt^to e (M^; (M^_,)) . 

Theorem V.l. Any finite energy solution <I> with initial data <l>o £ £ ^ > satisfies the decay 

estimate UI. 33)) for any a, b, and there exist unique free waves satisfying IIV.1\) . II V.^) and 

(V.3) hm \\dMt)-dt<^t{t)\\L^iRi^)=0- 

Moreover, these fields satisfy : 

(V.4) ^ hrn^ II Vt,x^(t) - Vt,x^^(t) IIl2(r4_j= 0, 



(V.5) 



(V.6) hm \\d-Mt)-dz^to{t)\\L^(w.i^)=^- 



and when ^ is a z-odd wave, we also have : 
(V.6) 

The wave operators 

W±: ($o,^i)^(l>^(0,.),at<i>±(0,.)), 
are isometries from x onto BL^ (R^ ^) x (R^ ^) . 

We can introduce the Scattering Operator 

s := w+ {w-y\ 

that is unitary on BL^ {^t.,z) ^ -^^ (^x,^) ^^^^ describes the scattering of the Kaluza-Klein waves 
by the Minkowski brane. We can interpret the existence of these operators in term of a Goursat 
problem on the manifolds described by Figure 1. The asymptotic completeness of the wave 
operators W~ assures that the characteristic problem with the data specified on the conformal 
null infinity T = — oo, y = ±00, and the boundary condition on the brane, is well posed, and 
the existence of W+ implies that the solution has a trace on the future characteristic boundary 
T = +00, y = ±00. This approach of the Goursat problem in general relativity, was used in [5] for 
the Maxwell system on the Schwarzschild manifold for which the timelike infinity is singular, and 
in [24J for the Maxwell and Dirac equations in a large class of non-stationary vacuum space-times 
admitting a conformal compactification that is smooth at null and timelike infinity. 

Proof of Theorem W.ll First we prove the uniqueness of the asymptotic fields. Given some finite 
energy solution $ with initial data G , & , assume there exist two free waves ^>^, 
solutions of ()V.ip and (|V.2p . satisfying 

hm II dMt) - dt<^L{t) IIl2{r4 j=0. 

Then 

^lim II dt (f L - <^lo) (t) IIl2(m4 J= 0. 
The well-known result of the equipartition of the energy (see e.g. [3]) assures that 

^hm II dt (f L - ^lo) (t) \\hin,^)= \ II Vt,x,. « - ^L) (0) |li2(K4 J . 
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We conclude that = Conversely, given some free finite energy solution of (|V.ip and 
(jV.2[) . assume there exists two waves solutions of (jlLlI) with initial data in 2IJ^ x L^, 

satisfying 

hm II dt^^{t)-dt^^{t) ||^2(K4 j=o. 

Then 

^hm II (<i>i - (t) ||i2(i,4_j= 0. 

Since is not eigenvalue of Hq, an abstract result of [15] assures that 
rT 



and we conclude that <I>^ = <I>^. 

A similar argument shows that the wave operators are isometric since 

II dt'^i WIhk,.) + II ^0 11^^ ^T-ZoT [ II ll'^«,.) 





|2 

I23J1' 



(V.7) ^t^ootI II ^*^-(*) lli^«,j 



= ^lim 2||5,$i(t) ||i.(^,^^) 
= 11 5tf + (0) ||i.(j,4^^) + II (0) lll^i 

Thanks to this property and the conservation of the energy, it is sufficient to construct on a 
dense subspace of x ^"^j and (W^) on a dense subspace of BL^{R'^) x L'^{R'^). If / is the partial 
Fourier transform of / with respect to x defined by pil.32p . / G 2BMff / e (^M| x R^; | ^ P d^dz^ 

and dzf + |||| (^i^jiy) / ^ -^^(I^l^)- We deduce from ()II.35P and the Fubini theorem that when 
/ E (respect. / S ^^), we have for almost all ^ € : 

/oo 
f{tz)foiz)dz = 0. 
-oo 

We introduce a space of regular data 

Vo := {/ G H\Ry, f G ((m| \ {0}) x M,) } . 
By cut-off and regularization, we can easily show that 

So := |/ e Vo, /(x, z)/o(z)dz = o| 

is dense in x 

In the sequel, we take ($0) ^i) £ 2)o x Dq, and z) = when | ^ |^ [«i /?] for some < a < 
/? < oo, and we consider the unique finite energy solution $ with this initial data. For any ^ G M^, 
Lemma lULl assures there exists a unique solution G C°(Mt; iJ^(M^)) n C^(Mt; ^^(M^)) of 

the Klein-Gordon equation 

+ hu+ II |2 u = 0, t,z £R, 

with Cauchy data 

u{0, z-i) = l>o(|, z), dtu{^, z-i) = z), 
and u satisfies the constraint 



/oo 
u{t,z\i)fo{z)dz = 0. 
-oo 
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Moreover the usual tools of the spectral theory (see e.g. [31], Theorem VIII.25, Theorem VIII. 20) 
imply that the map ^ i-^ h+ | ^ P is C°° in the strong resolvent sense, hence 

uG C7o°° {m.l■c\^t■,H\n,))^^c\Wt■L\w,))) 

and we conclude that 

cl>(t,x,z) = ^-^ / e'^u{t,z;i)d^. 

(27r)2 Ja<\i\<p 

Furthermore the map x i— > <I>(t,x, .) G H^{M.z) is a function of rapid decrease, hence 

u{t,z\^) = — / e~*'^<I>(t,x, 2;)dx. 
(27r)2 Jm? 

This elementary Fourier analysis allows to reduce the study of the asymptotic behaviour of $ to 
the scattering theory for a l+l-dimensional Klein-Gordon equation. 
Let m be a strictly positive real number. We compare the solutions of 

(V.8) d'^u + hti + m\ = 0, 

with the solutions of the free Klein-Gordon equation 

(V.9) d'^u- dlu + m^u = Q, t, z G M. 

We denote i7^(M) the usual Sobolev space if^(M), endowed with the norm 



v! {z) p +171^ I u{z) p dz, 



and we introduce the spaces 



:= !^ue H^R), J u{z)fo{z)dz = 0^ , := l^ue L^{R), J u{z)foiz)dz = 0^ , 
and denotes equipped with the norm 



(V.IO) 



2 U V 1+ u 



2 

2 



+ m I u{z) I dz. 



From pi.lTp . we see that || u and || u are two equivalent norms. We now develop the 
scattering theory for (jV.Sp . In particular, the following result provides a rigorous justification of 
the numerical experiments by the physicists (see e.g. [34]). 

Lemma V.2. For any uq G K^ ui G K^, there exist unique G C°(Mt; H^{Rz))nC^{Rt; L'^{Rz)) 
solutions of iV.9\) such that 

II u{t) - u^{t) Wjji^ + II dtu{t) - dtu'^{t) ||l2(r) — > 0, t ^ ±oo, 

where u G C°(]Rt; i7^(M^)) n C^(Mt; -^^^(^2)) is the solution of HT^) with the initial data n(0,z) = 
uq{z), dtu{0,z) = ui{z). The maps 

Wt : {u^,ui) ^ {u^{Q),dtu^{^)) 

are isometries from K}^ x onto Hj^{M.) x L^(IR). 

For any uq G H'^iR), ui G L^iR), there exist unique A,B £ C, u^,g'^ G C°(Mt; i7^(E^)) n 
C'^{Rt;L\R^)), solutions of fOj) . such that 

u{t, z) = [Ae'"^' + 5e-*™*] (1+ | z |)-i + u^{t, z) + Q^{t, z), 

II S^it) WhL + II dtQ^{t) ||i2m) > 0, t ±00. 



ju + AjU = 0, j = 1,2, t e 



30 Alain Bachelot 

Proof of Lemma \ V.SX We use the scattering theory with two Hilbert spaces by T. Kato [17j . that 
deals with the comparison between two abstract wave equations 

f_ 

We consider some densely defined self-adjoint operators Aj on a separable Hilbert space (l), \\ . ||). 
We assume Aj is strictly positive, 

(V.U) yu£^{Aj)\{0}, 0<{AjU,u), 

hence Bj := Aj is well defined and the null space of Bj is {0}. Furthermore, we suppose that 
(V.12) {A2 + 1)^^ - (^1 + 1)"^ is trace class. 

We refer to [31] for the trace class ideal. We know that with these assumptions, the principle of 
invariance (see e.g. [32] , Theorem XI. 11, Corollary 2, p. 30), assures that the wave operators 

(V.13) Q^{A2,Ai) := s- lim e-'^'^^e'^'^^Qi = s- lim e~'^^^e'^^'Qi exist and are complete, 

i— >itoo t— +±00 

where Qj is the projection for f) on the subspace of absolute continuity for Aj. 
We introduce the Hilbert space i^j := ['S){Bj)] x [), equipped with the norm 

II (^;^) \\%, = \\ BjU f + II V f, 
where \D{Bj)] is the closure of the domain of Bj, ^{Bj), for the norm || BjU \\. We assume that 
(V.14) 2)(Bi) = 2)(B2), 

and there exists M > such that for any u £ D{Bj), we have 
(V.15) II Biu \\<\\ B2U \\< M II Biu II . 

As consequence, ^1 and ^2 are the same linear space, endowed with two equivalent norms. The 
finite energy solutions of the wave equations are given by the unitary groups Uj{t) on S^j, specified 
on D{Bj) X f) by 



cos tBj Bj ^ sin tBj 
- Bj sin tBj cos tBj 



Pj denoting the projection on the subspace of absolute continuity for the selfadjoint operator that 
generates Uj{t), we define the wave operators 

W^iA2,Ai) ■.= s- lim U2{-t)Ui{t)Pi. 



t— >itoo 



Theorem 10.3, Theorem 10.5 and Remark 10.6 of [17] assure that assumptions (IV.llh . (jV.lSp . 
(IV.14P and ()V.15p imply that W^{A2, Ai) exist, are complete and partially isometric with initial 
projection Pi and final projection P2. Moreover W^{Ai, A2) exist, are complete and equal to 
[VK^(^2) ^i)]*- Finally, using the principle of invariance and formula (9.10) of [T7], we obtain a 
nice expression of the wave operators : 
(V.16) 

W^(A A\ = -( ^'^{M,A^) + ^-{A2,Ai) iB^^[n-{A2,A{)-n+{A2,Ai)\ 
2\-iB2[^-{A2,Ai)-^+{A2,Ai)] 17+(^2,Ai) + 17-(A2,Ai) 



where Bj is the unitary map from [2)(i?j)] onto defined as the unique continuous extension of B 



J- 



To apply these abstract results, we take f) = L^(M) and we consider operator h defined by ()III.4|) . 
and we introduce operator 

hl:=h + m^ 2)(hi)=D(h) 
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which we want to compare with the free hamiltonian 

S 

h2 := ^(hs) =i^2 

Because of ()V.15p . we need a third operator 

First we choose Ai = h2, A2 = hs. It is obvious that h2 and are strictly positive selfadjoint 
operators. Moreover ha is a short range perturbation of h2, by potential V{z) := ^ (^j^q^y^ and 
puting g{C,) = (("^ + m^) , we write 

(ha + 1)-^ - (h2 + 1)-^ = (h3 + 1)-^ V{z)g [i^^ . 



bmce (l + z^pViz) and (1 + (2)25(0 are in ^^(M), a well known result (see [32], Theorem XI.21) 

1 1. 

assures that V{z)g (i^) is trace class, so ()V.12p is satisfied. Moreover ©(h^) = ©(hg) = i/^(M), 
hence ^1 = ^2 = H^{^) x ^^(M), and we see that hypotheses (TVUT]) . ^TIM . (|Vl4l) and (fVlS]) 
are satisfied. We conclude that 

(V.17) W^{\i2M) exist and are complete. 

Now we take ^1 = hi, ^2 = ha. According to Lemma [III. 21 hi is strictly positive. pi.lTp assures 
that S)(hf ) = D(h|) = iJi(R) and for u G i?i(M) we have 

n iJ„ 112^11 . ||2^|| ||2^ 1 , 15 A II V.5 " 



mm^l,^j II h|^r<|| hi^nr<|| h|nr< + II h2^^ r 

hence dVH]) . dVl3|) . dVlij) and (|Vl5l) are satisfied. At last, given / G L2(M), n = (hg + / - 
(hi + / is solution of 

// 15 / 1 \^ p 

-u" + — ^ — - u + m^n = 0, 2; 7^ 0, 

4 Vi+ 1 -2 |y 

thus (ha + 1)"^ - (hi + 1)"' is a finite rank operator and ()V.12p is satisfied. We conclude that 
(V.18) W^{h3,hi) exist and are complete. 

We deduce from (jV.lTp . (jV.lSp and the Chain Rule Theorem, that II^^(h2,hi) exist, are complete 

and partially isometric with initial projection Pi and final projection P2. It is clear that P2 = Id 

and S)2 = ^ ^^(M). Moreover, Lemma 8.1 in [IT] assures that {u,v) G PiiDi iff f G Qil} and 
1 1 

hi n G Qif). Lemma pil.2p implies that Qif) = K^, and since {hfu, /o) = m{u, /o), we deduce that 

hj^n G Qii) iS u e and Pi^i = x K'^. We conclude that = iy='=(h2, hi) is an isometry 
from X onto i^4(M) x ^^(IR). Finally for general initial data uq G H'^{M.), ui G ^^(M), we 
apply the previous result to the projections on x and we compute : 

vl = - / (1+ I z I)" 2 [uo{z) - im~'^ui{z)] dz, B = - I (1+ | 2; |)"2 [uo(z) + im'^ui{z)\ dz. 
The uniqueness oi A,B,u^ is obvious. 

Q.E.D. 
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We return to the asymptotic behaviour of <I>. We introduce 



2tt)2 Ja<\£\<0 



(27r)2 Ja<\£\</3 

where u^{t,z;^) is the solution of the free Klein-Gordon equation (|V.9p with ?7i =| ^ |, given by 
the previous Lemma and satisfying 

II u{t, .;0 - u^{t, .;0 + II dtu{t, .;0 - dtu^{t, .;0 ||l2(m)^ 0, t ^ ±00. 

Since n± G (^M|; C70(Mt; i/i(Mj) n Ci(Mj; ^^(MJ)^ , $± is a free wave satisfying dVl]) and 
(|V.2p . The Parseval equality gives 

II Vi,x,.^(t) - Vi,x,.<^>^(^) |li2(K4 J + II -a^cDi (f) |||,(^,_^) 

= / II n(t,.;e)-n±(t,.;0 11^1 + || .;0 - 5tn±(t, .;£) Hi^^^) 

Ja<|^|</3 l€l 

We evaluate the integrand : 

II u{t, .;0 - u^{t, .-,0 Wli + II dtu{t, .;0 - dtu^{t, .;£) 



< C (^11 ^/(t, .;e) ll^i^i + II u^{t, ll^i^i + II ||i2(K) + II dtu^it, .-,0 |li2(iR)) 

= C (^11 u(0,.;O ll'^i^^ + II n^(0,.;O ll^i^, + II dMO,.-X) Wh^^u) + II 9*^^(0,. ;|) Hi^d,)) 

= 2C(|| $o(e,.) 11^1^ + 11 ^lit-) lli2(M.))- 
We conclude by the dominated convergence theorem that 

II Vt,x,.$(t) - Vt,x,.$^(t) iii2(R4_j + II dtm - dt'p^it) iii2(K4 0, t ^ ±00, 

and the Wave Operators are well defined on Dq x Dq. Since these operators are isometric, 
they can be extended by density on x and (jV.SP and ()V.6P are met. To prove ()V.5p . it is 
sufficient to show that when <I>Oj ^1 G 2)o, then 

/ z 1 ) I ^(*'^'-^) 1^ '^^'^^ ^ 0' ItHoo. 

To prove this result, we use the L°° estimate for the solutions of the Klein-Gordon equation (IV.Op . 

I u{t,z) \< C(m + ^) I mt \--2 E^=o^Ej<2-^\\^i^iu{0,.)hliu^) : 

/ f i^i 1 ) \Ht,^,z)fd^dz= f ([ I u{t,z;^) p dz) 

Jf,4\l+\z\J Ja<\£\<l3\J~ao (l+l^l)^ / 



/a<l«l</3 



<c^i*r' E E / ii5,^5Mo,.;e)iiiicie 



i=0,lj<2-i 

<c'\t\-'Yl E / ||(i+UI)a?aMo,.;Olli2d^ 

<C'\t\-' ll(l+UI)5^<J>,lli2(M4) 
«=0,li<2-i 

Conversely we take $^ G Dq with $^(^,2:) = when | ^ |^ [a,/?] for some < a < f3 < 00, 
and we consider $00 G C^(Mt;Po) solution of (jVl]) and (jV^ with ^>oo(0,x,z) = ^>[J^(x,z), 
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is solution of (TOl) with m =| ^ |. Lemma|Vj assures there exists u^{t, z;^) G (^M|; C°(Mt; K^) n C^(Mt; 
solution of (jV.SP with m =| | satisfying 

II Woo(t, •;^) - •;^) IIhi^i + II dtUoo{t, .;^) - dtu^{t,.;^) — > 0, t ±00. 

We put 



$± (t, X, z) := -i-^ / e'^u^ {t,z;m. 

2tt)2 Ja<\£\<0 



(27r)2 Ja<\^\<p 

that is solution of (jlTTl) in C° (Mt; j?^) and dt<^^ £ C° (Mj;J^°). As above we have 

II Vt,x,.^^(t) - Vt,x,.^oo(t) lli2(R4 J + II dt'^^{t)-dt^^{t) |li2(K4 J 



Ja<\£\<0 l«l ^ ' 



'a<l^l</3 
> 0, t ^ ±00. 

We conclude that we have constructed (W^) ^ on Do x Dq that is a dense subspace of i?L^(M^) x 
L2(M'^). Finally (|V.6p follows from ()V.4p since || $ ||bli(r4) = II ^ llaiji for the z-odd functions. 

Q.E.D. 

VI. Scattering Amplitude and Brane Resonances 

In this section we compute the scattering matrix and we investigate its holomorphic continuation. 
We recall that the spectral representation TZ of the free wave equation in x ^ is defined by 

I I - 

n : ($0,^1) G BL^ (M^) X (M^) ^ [iaT^^^M^iv) + ^^,z^i{^^)] e {^^ x S^) , 

where is the unit sphere of the euclidean space R'', au) = (^,C) S M| x M^, and we have used 
the Fourier transform on x R^ defined for $ G (R^ x R^) by 



We know (see e.g. [28]) that 7^ is an isometry from BL^ (Rx,^) x {^i,z) onto (R^ x 5^) and 
if $ is a finite energy solution of the wave equation — Ax,^*!* = 0, we have 

n m, .),dMt, .)) = e*-*7^ mo, .),dMo, .)) . 

It will be useful to distinguish the odd and the even part of the scattering operator. Thus we 
introduce spaces E± associated with E = BL^, by 

E±:={$eE, ^>(x,-z) = ±$(x,z)} . 

It is obvious that x and BL}^ x are let invariant, respectively by the pertubed and the 
free dynamics. Therefore S± defined as the restriction of S to BL\. x is an isometry of this 
space. We also introduce 

Ll (R^ X S^) := {/ e (R^ x S^) , /(ct, l^i, l^s, ^3, -^4) = ±/(f7, l^i, l^s, ^3, t^4)} • 

Then, TZ is an isometry from 5L^(R^ ,,) x L|(R^^^) onto L| (R^ x S^). In this part we establish 
first that the Scattering Operator S = S+©S_ is emplemented by an explicit Scattering Amplitude 
acting as a multiplication operator on (Ro- x S^) © (R^- x S^) . 
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Theorem VI.l. There exists 5+,cS_ G C° (R* x S^; S^) such that for any /± G (M^ x 5^), 
we have : 

nsn-' (/+ e /_) {a,iv) = S+{a,u)f+{a,io) + S-{a,uj)f^{a,u). 
Moreover these Scattering Amplitudes are explicitely known : 



(VI.l) 0< a ^ S^^{a,uj) = +[-] 



(2') 

^2ia\u)4 H\^^^ ((J I a;4 

i i/Jf) {a I 



(VI.2) a < ^ cS+[_] (f7, = - [+] ^'^^ 



g2ia|<^4| fJp^j {-a I W4 I) 



^ i^ip] (-^ I ^4 I) 

Proof of Theorem I F/. j[ We compute 5 := IZSTlr^. If the inverse Fourier transform on is 
denoted by -^^^i we easily check that 

where U is the unitary map given by 

U : X Si) (m|_^, (I e |2 +e)d^dC) x i^^^.d^dC 



3 

From the proof of Theorem IV. 11 we have by using the partial Fourier transform pil.32p 

7"± — T-lwi • 



where W^, is given by Lemma IV.21 with m =| ^ |, and with ()V.16p we get 



1 



W± = -.F-M ^^(ho,h) + 17-(ho,h) ih|^|M^^-(ho,h)-l^+(ho,h)] . 



2^ \^ -ih|||[0-(ho,h)-17+(ho,h)] 0+(ho,h) + 0-(ho,h) 

with 

< m, := -dl + m2, ©(h^) = H'^{^) 
We deduce that the scattering operator has the form : 



1 



1 1 / s + s 1 -i^\t\ [■ 

2 ^ y ih^^i [s - s-i] s + s-i 
where s is the usual scattering operator associated with the Schrodinger equation idtu — hn = : 

s:=17+(ho,h)o [f]-(ho,h)]"' 
We introduce the self-adjoint operators (ho,±, S)(ho,±)), on defined by : 

S)(ho,+) := {u+ G H\R+); u'^O) = O} , S(ho,_) := {n_ G ii'2(M+); u_{0) = O} . 

We easily see that (ho,±,ho)) satisfies ()V.12p and so the waves operators ri^(ho,±, h-t) exist and 
are complete on L^(M^). From the intertwining relations pil.sp and (ho^+ ©ho_)P = Phg, we 
deduce that : 

J7±(ho,h) =P-1 [l7±(ho,+,h+)©17±(ho,-,h_)] P, 
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and if we introduce the isometries on L^(M^) given by 

s± :=J^+(ho,±,h±)o [J]-(ho,±,h±)]~\ 
we obtain the sphtting of the scattering operator as the sum of an even part and an odd part : 

s = P"^[s+©s_]P. 

We now want to determine the form of s := jF^s^F^^ on L^(IR(^) where !Fz is the Fourier transform 

oo 



V ^71" J-oo 



We need the Fourier sine and Fourier cosine transforms which are the unitary maps J-± on L^(M+) 
defined by 

/gL1(M+), T+f{m) = ^J^ cos{mz)f{z)dz, J'.f{m) = ^J^J^ sm{mz)f{z)dz. 
We now can express the scattering matrix : 

In a first time, we admit that J^^s±!F^^ is a multiphcation operator s±{m) on L^(]R+). Given 
/ G L^(IRct X S^) we write f = f+ ® f-, f± £ L'^O^a x S^), and we compute : 

Sf±ia,aj) = ^1 + ^) s±(| au;, (| a \, p^o;) +i (l - ^) s^\\ au;, | a |, 

and we deduce that 

= [s+(o- I a;4 |)/+(fT,a;) + s_(ct | W4 |)/-(cr,a;)] l]o,oo[('7) 

+ [^+^(-^ I ^4 |)/+(o-,a;) +sl^(-f7 I UJ4 \)f-{a,ijj)] l]_oo,o[(f^)- 

We now compute s±. We know (see e.g. [27], Theorem 8.1), that when the free hamiltonian 
is ho,_, the scattering operator for the pertubed Schrodinger operator on the half hne, is deter- 
mined by the scattering phase shift S- (m) defined by U- {z, m) = y'^sin {mz + 6- (m) + o(l)) with 
hm^^^oo 0(1) = 0, and the formula 

s„(m) =e2^'5-M. 

From PII.ITP we get 

s_(m)=ie2™:^|^. 

The same argument assures that if 

sV :=J^+(ho,-,h+)o [l7-(ho,-,h+)]-\ 
then for / G L^(]R^) we have : 

h[^' (m) 

Since cos(m2;) = sin(mz + ^), the scattering phase shift for the pair (ho,-, ho,+) is |, hence formula 
(8.2.6) in [27] assures that 0^(ho__, ho_+) = ±iJ-Z^ o Now from the chain rule, we have 

s_|_ = (r2"'"(ho,_, ho,+)) ^ o o r2~(ho,_, ho,+), then we conclude that 

rr(2) / 
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Thus (|VI.ip and (|VI.2p follow from (|VI.3p . Moreover, by the relation of conjugation 



and the asymptotic behaviour lim^._ 



.0+ 



-1, we get S± e C° 



Q.E.D. 

We now study the analytic continuation of the Scattering Amplitudes. We denote -Zj"'^ the 
set of the zeros of Hy\z)^ G N, in the Riemann surface of the logarithm C*. Thanks to the 
relation of conjug ation, z G z'^}^ ^ze zf' . The zeros of hI)^^ in the principal Riemann sheet 
{z; — vr < arg z < n} are well known ([1], p. 373, [26], figure 14) ; they are located in the open lower 
half-plane {z; — vr < argz < 0} and are of two types : (i) an infinite number of zeros Zn just below 
the negative real semiaxis with Kz„ < —v and lim„_>oo = — ^ log 2 ; (ii) a finite set of u zeros 
with I ?R.z I < u, which lie along the lower half of the boundary of an eye-shapes domain around the 
origin. By using the relation 



(-I)'"" ((m + + mHi^\z)^ 



Olver [2Bj has proved that the asymptotic repartition in the other Riemann sheets are analo- 



gous, and the projection of Zu on C* is a lattice with asymptotes | 9z 



|4m-l|+3 
|4m-l|+l 



to the imaginary axis : 



2 ^"^fe \^|4m- 

. We note that the previous relation shows the symetry of the zeros with respect 



hI^\z) = ^ Hi^\e'^z) = 0. 



We emphasize that on each sheet, there is no accumulation near the real axis, but there exists a 



sequence Zn G Zu such that argz, 
them (see e.g. [12j ) . 



oo, 9z„ 



0, n ^ cxD. We recall the value of the firsts of 



Zeros of H^'^ 


Zeros of -^2^^ 


— vr < arg z < tt 


—3tt < arg z < —tt 


—TT < arg z < TT 


—3tt < arg z < —tt 


-0,419 -0,577i 
-3,832 -0,355i 
-7,016 -0,349i 
-10,173 - 0,348i 
-13,326 - 0,348i 


0,333 + 0,413i 
3, 832 + 0, 208i 
7, 016 + 0, 204? 
10, 137 + 0, 203i 
13,326 + 0,204z 


0,429 - l,281i 
-l,317- 0,836i 
-5, 138 -0,372i 
-8,418 -0,356z 
-11,620 - 0,35H 


-0,386 + l,101i 

I, 146 + 0,652i 
5,136 + 0,218z 
8,417 + 0,208z 

II, 620 + 0,206i 



We show that the singularities of the Scattering Amplitudes a i— > S±{a) S (5*^), called Brane 
Resonances, form a lattice of radial half straight lines : 

:= |z = az^eC*, 1 < a, Hi^\z^) = o} , S^,^) — |z = az, G e, 1 < a, H'^J\-z^) = o} , 

with V = 1,2. In the figure below, the first lines of resonances in the principal sheet —tt < arg z < vr, 
and the second sheet —2>tt < argz < —tt, are depicted. 
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cut 



\ \ 
\ \ 



\ 




/ / 
/ / 
/ / 



' / 

i / 




Figure 2. Brane Resonances in the first (•— >) and second 



Riemann sheets. 



Theorem VI. 2. The Scattering Amplitude 5_|_[_]((T,a;) considered as a (^S^) -valued function 
of a ^ [0,cxd[ (respectively o" g] — cxD,0]j has an analytic continuation on C* \ S^^j (respectively 



y \ Sj^) For a, G sj]),, 
^(i) 



there exists C > such that CI u — a* 



as 



Proof of Theorem I VI. 2[ First we fix a; G with 004^ 7^ 0. We know that Hy\z) is holomorphic 

on C* and its z-zeros are non real and simple (}25J p. 244). Moreover H^\z) and H^\z) have no 
common zero, because otherwise such a complex would be a non real zero of Ji, that has only real 
zeros (p5] p. 245). We conclude that a G [0, oo[h^ 5+[_](cr,a») has a meromorphic continuation on 

C*, is holomorphic in ^^["L] •= C* \ S^^p and its poles are simple. Now for do fixed in C* \ S^2p 

ctq I I belongs to ^^[Lj for uj/^ 7^ 0. Moreover the Neumann expansions of the Bessel functions 

of first and second kind (|25] p. 243), imply that Hi^\ao \ uj^ \)/H^\aQ | li;4 |) — > —1 as uj^ — > 0. 
We deduce that 5±((To) G (5*^)- To prove that the Scattering Amplitudes are (55)-valued 

holomorphic functions on we use the Dunford theorem (09], p. 128). We take a Radon 

measure /i on S^. Then for any piecewise-C^ loop 7 in , the Fubini theorem and the Cauchy 
theorem give 

j) S±{a,u})d^{(jj)^ da = j ^j) S±{a,u))do^ dfi{u)) = 0, 

thus the Morera theorem assures that {S±{a, .)) is holomorphic and we get the result by the 

(1) 

[2] 



Dunford theorem. To prove that the resonances are actually singularities, we pick cr* = az* G Sj^ 
and we choose G S"^ with UJ4 = a~^. Since is a simple zero of H^l{^) and not a zero for 



(2) 

H^^-^{z), there exists e,6,C > such that : 



\< 6 



H 



(2) 
1[2] 



a I UJ4 



>e, 



H 



(1) 

1[2] 



a I UJ4 



< C 
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We conclude that | 5_^[_](o",a;=K) |> | o" — when | a — a^: \< 6. The proof of the holomorphic 

(2) 

continuation of a g] — cxd,0] ^ 5_(_[_](cj,a;) on C* \ Sj^^j is similar. 

Q.E.D. 

We end this part by some remarks on the brane quasimodes. In the physical litterature, this 
term means a solution of the master equation with an exponential dumping in time as t ^ oo and 
this solution is associated with some resonance. We can easily construct such solutions. For any 
£ Z^^ the functions 

uf{z) := V^TMHi'^ (CP(1+ I z I)) , u^^\z) := ^yi^/fj-) (c?)(l+ | z |)) 

are solution of huu'^ = {C,u'')'^Uy\ If we choose any solution </)((^f,''^; i, x) of the Klein-Gordon 
equation with complex mass kQ ■, 

(VI.4) df(p-^^(p+{Ci'^fct> = 0, 

then = (j){C,u '^;t,-x.)uu\z) is solution of the master equation (|II.ip . In particular, for any 

singularity a^^ G S^^^ of the Scattering Matrix, we can associate a quasimode $(a"^"'^; t, x, z) such 
that 

where (a;',cu4) G S^. Given ai^^ = aCi^'> € S^,^^ or ai^^ = -aCP G 1 < a, we choose u £ 

with I a;4 1= a~"^, and we put 

«>((T(J');t,x,z) := e*'^^'^(''-'^'-*)4-'')(z). 

An elementary Fourier analysis shows that the finite energy solutions of ()VI.4p are superpositions 
of plane waves solutions, ^'^(^''^+^■0 with ^ G M^, and satisfies the relation of dispersion 

(VI.5) A^=iep + (c(^))'. 

The behaviour in time of these plane waves is exponential since 9Ajy ^ 0. In the same spirit, a 
second kind of quasimodes that play an important role in physics of the branes, are the solutions 
that propagate on the brane as an harmonic plane wave e*^'^ : 

«>(A^;t,x,z) := e*(^-^*+^-^)4-'')(z). 

These last modes can be associated with the singularities of the analytic continuation of the trun- 
cated resolvents (see Corollary IIII.6P of which the common domain of analyticity Cij^^qOrq is 
depicted on Figure 3 (the curves are defined by the relation of dispersion (jVI.SP ). We remark that 
the usual definitions of the resonances, on the one hand as singularities of the scattering matrix, 
and on the other hand as singularities of the truncated resolvent, are not equivalent in the case of 
the brane scattering. The common singularities are the zeros of the Hankel functions, that are the 
origins of the half-hyperbolas and the half straight lines. 
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\ 

\ 



'cut 





Figure 3. Singularities of the resolvent in the first ( — ) and second ( ) Riemann sheets. 

We let open the hard problem consisting to give a rigorous meaning to the following possible 
asymptotic representation of the solutions of (|II.ip : 

(VI.6) $(t,x,z)~ cl>{Cl'^;t,^)nl^^< 



[z , r — > oo. 



A similar Lax-Phillips formula has been established for another important cosmological model, the 
De Sitter-Schwarzschild manifold [8]. It allows to perform a numerical scheme of computation of 
the resonances and leads to a direct method to observe a black-hole from the detection of the 
gravitational waves [6]. In the case of the brane scattering that we have investigated in this paper, 
expansion (|VI.6P is expected by the physicists (see e.g. [34J). It would be interpreted as a "dark 

radiation" on the brane, constituted of metastable massive gravitons with mass equal to ^(^u^ and 
mean lifetime ~| ^(1)^^ 1"^ ([M], formula (12)). While the space dimension is even and the brane is 
a non-decaying perturbation, such a resonances expansion is not totally hopeless since there is no 
accumulation of singularities of the scattering matrix near the real axis on the first sheet, although 
it is the case for the singularities of the resolvent. We refer to the deep works by Burq and Zworski 
|10j and Tang and Zworski [36] for similar results in the euclidean framework. 
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